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PRE  FACE. 


The  apparatus  discussed  here  under 
the  name  Gyroscope  was  exliibited  by 
Professor  Walter  K  Johnson,  of  the 
University  of  Pennsylvania,  in  1831.  It 
was  then  called  the  Rotascope,  but  it  ex- 
cited but  little  interest. 

Professor  Foucault,  of  France,  brought 
it  forward  in  1855,  and  employed  it  as  a 
means  of  making  the  earth's  rotation 
visible  to  the  eye.  Since  that  time  some 
form  of  Gyroscope  (the  name  given  it  by 
Foucault)  has  formed  a  part  of  the  phil- 
osophical apparatus  for  schools. 

For  some  time  the  impression  pre- 
vailed in  the  popular  mind  that  the  phe- 
nomena exhibited  by  the  apparatus  could 
not  be  explained  by  natural  laws.  This 
idea  was  perhaps  strengthened  by  the 
name  applied  to  it  by  Professor  Olmstead, 
who  called  it  "  The  Mechanical  Paradox." 

The  following  analytical  exposition  of 
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the  motions  of  the  Gyroscope  was  writ- 
ten by  General  (then  Major)  Barnard  in 
1858,  for  the  Journal  of  Education.  It 
was  immediately  reprinted  in  pamphlet 
form  and  was  eagerly  sought  for  by  stu- 
dents of  Analytical  Mechanics.  It  yet 
remains  the  best  treatise  on  this  interest- 
ing apparatus. 

As  the  former  editions  were  long  since 
exhausted,  while  ttie  demand  for  the  es- 
say continued,  it  was  considered  advis- 
able to  republish  it  in  its  original  foi-m, 
first  as  a  Magazine  article  and  then  as  a 
volume  of  the  Science  Series. 

G.  W.  P. 


ANALYSIS  OF  ROTARY  MOTION, 

AS   APPLIED   TO 

THE     GYROSCOPE. 


After  reading  most  of  the  popular  ex- 
planations of  the  above  phenomenon 
given  in  our  scientific  and  other  pubhca- 
tions,  I  have  found  none  altogether  satis- 
factory. While,  with  more  or  less  suc- 
cess, they  expose  the  more  obvious  fea- 
tures of  the  phenomenon  and  find  in  the 
force  of  gravity  an  efficient  cause  of  hor- 
izontal motion,  they  usually  end  in  de- 
stroying the  foundation  on  which  their 
theory  is  built,  and  leave  an  effect  to  exist 
without  a  cause;  a  horizontal  motion  of 
the  revolving  disk  about  the  point  of  sup- 
port is  supposed  to  be  accounted  for,  while 
the  descending  motion,  which  is  the  first 
and  direct  effect  of  gravity  (and  without 
which  no  horizontal  motion  can  take 
place),  is  ignored  or  supposed  to  be  en- 
tirely eliminated.     Indeed,  it  is  gravely 
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stated  as  a  distinguishiDg  peculiarity  of 
rotary  motion,  that,  while  gravity  act- 
ing upon  a  non-rotating  body  causes 
it  to  descend  vertically,  the  same  force 
acting  upon  a  rotary  body  causes 
it  to  inove  horizontally.  A  temhncy  to 
descend  is  supposed  to  produce  the  effect 
of  an  actual  descent;  as  if,  in  mechanics, 
a  mere  tendency  to  motion  ever  produced 
any  effect  whatever  without  that  motion 
actually  taking  place. 

Whatever  "  mystification  "  there  may 
be  in  analysis — however  it  may  hide  its 
results  under  symbols  unintelligible  save 
to  the  initiated,  it  is  most  certain  that  the 
greater  portion  of  the  physical  phenome- 
na of  the  universe  are  utterly  beyond  the 
grasp  of  the  human  mind  without  its  aid. 
The  mind  can — indeed  it  must — search 
out  the  inducing  causes,  bring  them 
together  and  adjust  them  to  each  other, 
each  in  its  proper  relation  to  the  rest ; 
but  farther  than  that  (at  least  in  compli- 
cated phenomena)  unaided,  it  cannot  go. 
It  cannot /bZ/o?/5  these  causes  in  all  their 
various  actions  and  reactions  and  at  a 


given  instant  of  time  bring  forth  the  re- 
sults. 

This,  analysis  alone  can  do.  After  it 
has  accomplished  this,  it  indeed  usually 
furnishes  a  clue  by  which  to  trace  how  the 
workings  of  known  mechanical  laws  have 
conspired  to  produce  these  results.  This 
clue  I  now  propose  to  find  in  the  analysis 
of  rotary  motion  as  applied  to  the  gyro- 
scope. 

The  analysis  I  shall  present,  so  far  as 
determining  the  equations  of  motions  is 
concerned,  is  mainly  derived  from  the 
works  of  Poisson  (vide  "Journal  de 
I'Ecole  Polytech."  vol.  XVI— Traite  de 
Mecanique,  vol.  II,  p.  162).  Following  his 
steps  and  arriving  at  his  analytical  re- 
sults, I  propose  to  develop  fully  their 
meaning,  and  to  show  that  they  are  ex- 
pressions not  merely  of  a  visible  phenom- 
enon, but  that  they  contain  within  them- 
selves the  sole  clue  to  its  explanation  ; 
while  they  dispel  all  that  is  mysterious  or 
paradoxical,  and  in  reducing  it  to  merely 
a  "  particular  case  "  of  the  laws  of  "  rotary 
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motion,"  throw  much  light  upon  the  sig- 
nificance and  working  of  those  laws. 

Although  not  unfamiliar  to  mathemati- 
cians, it  may  not  be  uninteresting  to  those 
who  have  not  time  to  go  through  the  long 
preliminary  study  necessary  to  enable 
them  to  take  up  with  Poisson  this  special 
investigation,  or  whose  studies  in 
mechanics  have  led  them  no  farther  than 
to  the  general  equations  of  "rotary 
motion,"  found  in  text  books,  to  show 
how  the  particular  equations  of  the  gyro- 
scopic motion  may  be  deduced. 

In  so  doing  I  shall  closely  follow  him ; 
making,  however,  some  few  modifications 
for  the  sake  of  brevity  and  of  avoiding 
the  use  of  numerous  auxiliary  quantities 
not  necessary  to  the  limited  scope  of  this 
investigation. 

The  general  equations  of  rotary  motion 
are  (see  Prof.  Bartlett's  "Analytical 
Mechanics,"  Equations  (228),  p.  170): 


b5--  +  ^,^;,(A-C)=M,   ^    (1) 


A^  +  y,i;,(C-B)=N, 


In  the  above  expressions  the  rotating 
body  (of  any  shape)  ABCD,  Fig.  1,  is 
supposed  retained  by  the  fixed  point 
within  or  without  its  mass)  O.  Oa;,  Oy 
and  O2  are  the  three  co-ordinate  axes, 
fixed  in  space,  to  which  the  motion  of  the 
body  is  referred.  Oa;,,  Oy^,  O2,,  are  the 
three  principal  axes  belonging  to  the 
point  O,  and  which,  of  course,  partake  of 
the  body's  motion.  The  position  of  the 
body  at  any  instant  of  time  is  determined 
by  those  of  the  moving  axes. 

A,  B  and  C  express  the  several 
"  moments  of  inertia  ''  of  the  mass  with 
reference,  respectively,  to  the  three  prin- 
cipal axes  Oa:,  Oi/^  O2,/  Nj,Mj  and  L,  are 
the  moments  of  the  accelerating  forces^ 
and  v„  Vy,  v^,  the  componetits  of  rotary 
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velocity,  all  taken  with  reference  to  these 
same  axes. 

Like  lineal  velocities,  velocities  of  rota- 
tion may  be  decomposed — that  is,  a  rota- 
tion about  any  single  axis  may  be  con- 
sidered as  the  resultant  of  components 
about  other  axes  (which  may  always  be 
reduced  to  three  rectangular  ones):  and 
by  this  means,  about  whatever  axis  the 
body,  at  the  instant  we  consider,  may  be 
revolving,  its  actual  velocity  and  axis 
are  determined  by  a  knowledge  of  its 
components  ?;^,  Vy,  v„  about  the  principal 
axes  Oxfiyfiz^,  these  components  being, 
as  with  lineal  velocities,  equal  to  the  re- 
sultant velocity  multiplied  by  the  cosine 
of  the  angles  their  several  rectangular 
axes  make  with  the  resultant  axis. 

As  the  true  axis  and  rotary  velocity 
may  continually  vary,  so  the  components 
v^  Vy,  v^,  in  equations  (1)  are  variable 
functions  of  the  time. 

For  the  purpose  of  determining  the 
axes  Oic,,  Oy,  and  O2,,  with  reference  to 
the  (fixed  in  space)  axes  Ox,  Oy,  Oz,  three 
auxiliary  angles  are  used. 
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If  we  suppose  the  moving  plane  of  x^ 
^j,  at  the  instant  considered,  to  intersect 
the  fixed  plane  of  xi/  in  the  line  NN'  and 
call  the  angle  a;ON=^,  and  the  angle  be- 
tween the  planes  xy  and  x^y^  (or  the  an- 
gle zOz^)  =  6,  and  the  angle  NOic,  =  ^,  (in 
the  figure,  these  three  angles  are  sup- 
posed acute  at  the  instant  taken)  these 
three  angles  will  determine  the  positions  of 
the  axes  Oa?,,  Oy,,  Oz,,  (and  hence  of  the 
body)  at  any  instant,  and  will  themselves 
be  functions  of  the  time  ;  and  the  rotary 
velocities  v^  Vy,  v^  may  be  expressed  in 
terms  of  them  and  of  their  differential  co- 
efficients. 

For  this  purpose,  and  for  use  hereafter 
in  our  analysis,  it  is  necessary  to  know 
the  values,  in  terms  of  cp,  6  and  0,  of  the 
cosines  of  the  angles  made  by  the  axes 
Oa;,,  Oy^  and  Oz,  with  the  fixed  axes  Oz 
and  0(/. 

These  values  are  shown  to  be  (vide 
Bartlett's  Mech.,  p.  172) 

cos.  re, 02=— sin.  6  sin.  cp 
cos.  y,02=:  — sin.  6  cos.  <^ 
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COS.  2,0z=   COS.  6 

COS.  £Cj02/=cos.  6  COS.  tp  sin.  cp 

— sin  ^  COS.  ^ 

COS.  yfii/= COS.  6  cos.  ^  cos  q) 

+  sin.  ^'  sin  q> 

COS.  ZjO^=sin.  ^  cos.  (p 

The  differential  angular  motions,  in  the 
time  dt,  about  the  axes  Oajj,  0?/j,  O^,,  will 
be  Vy.dt,  Vydty  and  v^dt.  We  may  deter- 
mine the  values  of  these  motions  by  ap- 
plying the  laws  of  composition  of  rotary 
motion  to  the  rotations  indicated  by  the 
increments  of  the  angles  0,  cp  and  ip. 

If  6  and  cp  remain  constant,  the  in- 
crement dip  would  indicate  that  amount 
of  angular  motion  about  the  axis  Oz  per- 
pendicular to  the  plane  in  which  this 
angle  is  measured.  In  the  same  manner 
dq)  would  indicate  angular  motion  about 
the  axis  O2, ;  while  dO  indicates  rotation 
about  the  line  of  nodes  ON.  In  using 
these  three  angles,  therefore,  we  actually 
refer  the  rotation  to  the  three  axes  O2, 
OZj,   ON,  of  which  one,  O2,  is  fixed  in 
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space,  another,  O^j,  is  fixed  in  and  moves 
with  the  body,  and  the  third,  ON,  is  shift- 
ing in  respect  to  both. 

The  angular  motion  produced  around 
the  axes  OiCj,  Oy^^  Oz^,  by  these  simulta- 
neous increments  of  the  angles  cp,  6  and 
V',  will  be  equal  to  the  sum  of  the  pro- 
ducts of  these  increments  by  the  cosines 
of  the  angles  of  these  axes,  respectively, 
with  the  lines  Oz,  O2,  and  ON, 

The  axis  of  O2,  for  example  makes  the 
angles  8,  0°  and  90°  with  these  lines, 
hence  the  angular  motion  v^dt  is  equal 
(takiug  the  sum  without  regard  to  sign) 
to  cos.  Odip  +  dtp. 

In  the  same  manner  (adding  without 
regard  to  signs), 

v^dt— COS.  xfizdip  -\-  COS.  cpdO 
and  Vydt=co8.  y  fizd(p -\- cos.  (90°  -i-  (p)dd. 

But  if  we  consider  the  motion  about 
Ogj  indicated  by  dq),  positive,  it  is  plain 
from  the  directions  in  which  <^  and  ^  are 
laid  off  on  the  figure,  that  the  motion 
cos.  dd(p  will  be  in  the  reverse  direction 
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and  negative,  and  since  cos.  0  is  positive 
dip  must  be  regarded  as   negative,  hence 

v^dt=d(p—QO^.  dd(p 

The  first  term  of  the  value  of  vJLt^  cos. 
xfizdip  [since  cos.  xfiz{=—^m.6  sin.  (p) 
is  negative  and  dtp  is  to  be  taken  with  the 
negative  sign]  is  positive.  But  a  study 
of  the  figure  will  show  that  the  rotation 
referi'ed  to  the  axis  O2;,,  indicated  by  the 
first  term  of  this  value,  is  the  reverse  of 
that  measured  by  a  positive  increment  of 
6  in  the  second,  and  hence,  (as  cos.  q)  is 
positive,)  dd  must  be  considered  nega- 
tive. Making  this  change  and  substitut- 
ing the  values  given  of  cos.  vfiz,  cos.  y, 
O2,  and  for  cos.  (90° -I- ^),  —  sin.  (p,  we 
have  the  three  equations 

vjit^mn.  6  sin.  q>dip— cos.  (pdO  J 
?jydt=Bm.  6  cos,  (pdtp-\- sin.  (pdO  V  (2)* 
Vzdt=d(p-^cos.  6 dip  ) 


*  To  avoid  the  introduction  of  numerous  quantities 
foreign  to  our  particular  investigation  and  a  tedious 
analysis,  I  have  departed  from  Poissonand  substituted 
the  above  simple  method  of  getting  equations  (2.), 
which  is  an  instructive  illustration  of  the  principles 
of  the  composition  of  rotary  motions. 
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The  general  equations  (1)  are  suscepti- 
ble of  integration  only  in  a  few  particular 
cases.  Among  these  cases  is  that  we  con- 
sider, viz.,  that  of  a  solid  of  revolution 
retained  by  a  fixed  point  in  its  axis  of 
figure. 

Let  the  solid  ABCD,  Fig.  1,  be  sup- 
posed such  a  solid,  of  which  Oz,  is  the 
axis  of  figure.  It  will  be,  of  course,  a 
principal  axis,  and  any  two  rectangu- 
lar axes  in  the  plane,  through  O  perpen- 
dicular to  it,  will  likewise  be  principal. 
By  way  of  determining  them,  let  Oic,  be 
supposed  to  pierce  the  surface  in  some 
arbitrarily  assumed  E  point  in  this  plane. 
Let  G  be  the  center  of  gravity  (gravity 
being  the  sole  accelerating  force).  The 
moments  of  inertia  A  and  B  become 
equal,  and  equations  (1)  reduce  to 

Cdv,=0  ) 

kdVy-{C-k.)v,vJt=^yciM.gdt     V  (3)* 
Adv^  +  (C  -  k)VyV^dt—-y}Mgdt ) 

*See  Bartlett's  Mech.  Equations  (225)  and  (118)  for 
the  values  of  Li  MiN, ;  in  the  case  we  consider  the  ex- 
traneous force  P  (of  eq,  118)  is  g\  the  co-ordinates  x',y, 
of  its  point  of  application  G  (referred  to  the  axes  Oxi 
Oy,,  Ozi,)  are  zero  and  2»=OG=y  :  cosines  of  a,  ^  and 
7  area,  6  and  c;  hence  Li=0,  MivaMg',N)  =  —YftMg'. 
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in  which  the  distance  OG  of  the  point  of 
support  from  the  center  of  gravity  is  rep- 
resented hj  y,  g  is  the  force  of  gravity,  M 
the  mass  and  a  and  b  stand  for  the  co- 
sines xfiz  and  yflz  and  of  which  the 
values  are 

a  =  — sin.  6  sin.  cp,       ^:=  — sin.  q  cos.  q). 

The  first  equation  (3)  gives  by  integra- 
tion Vz=n,  n  being  an  arbitrary  constant;, 
it  indicates  that  the  rotation  about  the 
axis  of  figure  remains  always  constant. 

Multiplying  the  two  last  equations  (3) 
by  Uy  and  Vx  respectively  and  adding  the 
products,  we  get 

k^OydVy  +  Vx  dvx  )=yMg{aVy—hVx  )dt. 

From  the  values  of  a  and  h  above,  and 
from  those  Vx  and  Vy  (equations  2)  it  is 
easy  to  find 

{avy—bvx)dt=  —mn.  6  dd  =  d.  cos.  6; 

substituting  this  value  and  integrating  and 
calling  h  the  arbitrary  constant 

A(v/  -\-  Vx  ')=2yMg  cos.  O  +  Zi.      {a) 
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Multiplying  the  two  last  equations  (3), 
respectively,  by  b  and  a  and  adding  and 
reducing  by  the  value  just  found  of  d.  cos. 
S  and  of  Vz  ,  we  get 

A{bdVy  +  advx )  +  {C—A)nd.  cos.  ^=0  (^) 

Differentiating  the  values  of  a  and  b  and 
referring  to  equations  (2)  it  may  readily 
be  veritied  (putting  for  Vz  its  value  n) 
that 

db—{Vx  COS.  d  —  an)dt 
da=(bn—Vy  COB.  6)dt 

and  multiplying  the  first  by  A^'j,  and  the 
second  by  Avx,  and  adding 

A{Vydb-{-Vx  da)=An{bVx  —  aVy)dt 

=  —And.  cos.  6. 

Adding  this  to  equation  (b),  we  get 

Ad.(bVy-\- av^)  +  Gnd.  cos.  ^=0,  the  inte- 
gral of  which  is 

A{bUy  +  aVx)  +C/1  cos.  6=l{l  being  an  ar- 
bitrary constant).  (c) 

Referring  to  equations  (2)  it  will  be  found 
by  performing  the  operations  indicated 
that  : 
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Substituting  these  values   in   equations 
{a)  and  (c),  we  get 

Cn.  cos.^-A  sm.'6^=l 
dt 

A(8m.'0^+  f,')=2Mj7K  cos.  O  +  h 

If,  at  the  origin  of  motion,  the  axis  of 
figure  is  simply  deviated  from  a  vertical 
position  by  an  arbitrary  angle  a,  in  the 
plane  of  xz^  and  an  arbitrary  velocity  n  is 
imparted  about  this  axis  alone ;  then  Vx 
and  Vy  will  at  that  instant  be  zero,  d=a^ 
and  the  substitution  of  these  values  in 
equations  (a)  and  (c)  will  determine  the 
values  of  the  constants  I  and  h. 

h=—2Mgy  cos.  a 
l=Cn  cos.  a, 

which,  substituted  in  the  above  equations, 
make  them 
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sm."^— r-  =  -— (cos.  6^  — COS.  a) 
dt       A^ 

(cos.  6^  — COS.  a) 


(4) 


These  together  with  the  last  equation 
(2)  which  may  be  written,  (substituting 
the  value  of  Vz ) 

dcp=ndt-\- COS.  ddif)  (5) 

will  (if  integrated)  determine  the  three 
angles  q),  6  and  ip  in  terms  of  the  time  t. 
They  are  therefore  the  dififerential  equa- 
tions of  motion  of  the  gyroscope. 

Let  NEE',  (Fig.  1,)  be  a  section  of  the 
sohd  by  the  plane  x^y^.  This  section  may 
be  called  the  equator.  E  being  some  fixed 
point  in  the  equator  (through  which  the 
principal  axis  Ox^  passes),  the  angle  cp  is 
the  angle  EON. 

If  N  is  the  ascending  node  of  the  equa- 
tor— that  is,  the  point  at  which  E  in  its 
axial  rotation  I'lses  above  the  horizontal 
plane,  the  angle  <p  must  increase  from  N 
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towards  E — that  is,  dcp  (in  equation  5) 
must  be  positive  and  (as  the  second  term 
of  its  value  is  usually  very  small  com- 
pared to  the  first)  the  angular  velocity  n 
must  be  positive.  That  being  the  case 
the  value  of  dq)  will  be  exactly  that  due 
to  the  constant  axial  rotation  ndt,  aug- 
mented by  the  term  cos.  Odij:,  which  is 
the  projection  on  the  plane  of  the  equa- 
tor of  the  angular  motion  dip  of  the  node. 
This  term  is  an  increment  to  ndt  when  it 
is  positive,  and  the  reverse  when  it  is 
negative.  In  the  first  case,  the  motion  of 
the  node  is  considered  retrograde — in  the 
.second,  direct. 

The  first  member  of  the  second  equa- 
tion (4)  being  essentially  positive,  the  dif- 
ference COS.  6^— cos.  a  must  be  always 
positive — that  is,  the  axis  of  figui*e  O2, 
can  never  rise  above  its  initial  angle  of 

dip 
elevation  a.     As  a  consequence  —        [in 

first  equation  (4)]  must  be  always  posi- 
tive. The  node  N,  therefore,  moves  al- 
ways in  the  direction  in  which  (p  is  laid  off 
positively,  and  the  motion  will  be  direct 
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or  retrograde,  with  reference  to  the  axial 
rotation,  according  as  cos.  6  is  negative 
or  positive — that  is,  as  the  axis  of  figure 
is  above  or  below  the  horizontal  plane.  In 
either  case  the  motion  of  the  node  in  its 
own  horizontal  plane  is  always  progress- 
ive in  the  same  direction.  If  the  rotation 
n  were  reversed,  so  would  also  be  the 
motion  of  the  node. 

If  this  rotation  7i  is  zero,-^must    also 
at 

be  zero  and  the  second  equation  (4)  re- 
duces at  once  to  the  equation  of  the  com- 
pound pendulum,  as  it  should.  Elimi- 
nating —^between  the  two  equations  (4) 
we  get 

sm.'^^-^  =  — ^^-  [sm.'^--^r-T^r^p — 
dt^  A      ^  2AM.yg 

(cos.  6^  — cos.  a)](C0S.   6^  — COS.  a). 

The  length  of  the  simple  p3ndulum 
which  would  make  its  oscillations  in  the 
same    time   as  the    body  (if  the  rotary 
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A 

velocity  n  were  zero)  is^— .*    If  we  call 

this  X  and  make  for  simplicity 
oTT~=-T-tlie   above    equation   becomes 

sin.='^-^=?|[sin.'6?-2y5»(cos.O--cos.a) 
(cos.  ^  — cos.  a)     (6) 

and  the  first  equation  (4)  becotnes 

sin.'0-^=2y^-/_^(cos.^-cos.a  (7> 

Equation  (6)  would,  if  integrated,  give 
the  value  of  6  in  terms  of  the  time; 
that  is,  the  inclination  which  the  axis  of 
figure  makes  at  any  moment  with  the  ver- 
tical ;  while  eq.  (7)  (after  substituting  the 
ascertained  value  of  6)  would  give  the 
value  of  (p  and  hence  determines  the  pro- 
gressive movement  of  the  body  about  the 
vertical  Oz. 


*  The  lenprth  of  the  simple  pendulum  is  (see  Bartlett's 

Mech.,  p.  252)  A=_lit)L^.     The    moment    of    inertia 
7 

A  =  M(^,2+73);  hence-:^=A. 
My 
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These  equations  in  the  above  general 
form,  have  not  been  integrated  ;*  never- 
theless they  furnish  the  means  of  obtain- 
ing all  that  we  desire  with  regard  to 
gyroscopic  motion,  and  in  particular  that 
self-sustaining  power,  which  it  is  the  par- 
ticular object  of  our  analysis  to  explain. 

In  the  first  place,  from  eq.  (6),  by  put- 
ting-^equal  to  zero,  we  can  obtain  the 

maximum  and  minimum  values  of  0. 
This  diflf.  coefficient  is  zero,  when  the 
factor  cos.  6^— cos.  a=0,  that  is,  when  6 
=a ;  and  this  is  a  maximum,  for  it  has 
just  been  shown  from  equations  (4)  that 
d  cannot  exceed  a.  It  will  be  zero  also 
and  6  a  mi?iimum'f  when 

sin.''6^-2y^\cos.  ^-cos.  a)=0 
or    cos.^=  -^'  +  Vl  +  2)e/'cos.  a-f-/^*  (8) 


*  The  integration  may  be  effected  by  the  use  of 
elliptic  functions;  but  the  process  is  of  no  interest  in 
this  discussion. 

t  It  is  easy  to  show  that  this  value  of  9  belongs  to  an 
actual  minimum;  but  it  is  scarcely  worth  while  to  in- 
troduce the  proof. 
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(The  positive  sign  of  the  radical  alone 
applies  to  the  case,  since  the  negative  one 
would  make  6  a  greater  angle  than  a) 

It  is  clear  that  (a  being  given)  the 
value  of  6  depends  on  (3  alone,  and  that 
it  can  never  become  zero  unless  fi  is  zero; 
and  as  long  as  the  impressed  rotary  veloc- 
ity n  is  not  itself  zero  (however  minute  it 
may  be),  /^  will  have  a  finite  value; 

Thus,  however  minute  may  be  the 
velocity  of  rotation,  it  is  sufficient  to  pre- 
vent the  axis  of  rotation  from  falling  to 
a  vertical  position. 

The  self-sustaining  power  of  the  gyro- 
scope when  very  great  velocities  are  giv- 
en is  but  an  extreme  case  of  this  law. 
For,  if  /?  is  very  great,  the  small  quantity 
1  — cos.'a  may  be  subtracted  from  the 
quantity  under  the  radical  (eq.  8)  without 
sensibly  altering  its  value,  which  would 
cause  that  equation  to  become 

COS.  ^  =  cos.  a 

That  is,  when  the  impressed  velocity  n, 
and  in  consequence  ft  is  very  great,  the 
minimum  value  of  6  differs  from  its  max- 
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imum  a  by  an  exceedingly  minute  quan- 
tity. 

Here  then  is  the  result,  analytically 
found,  which  so  surprises  the  observer, 
and  for  which  an  explanation  has  been  so 
much  sought  and  so  variously  given. 
The  revolving  body,  though  solicited  by 
gravity,  does  not  visibly  fall. 

Knowing  this  fact,  we  may  assume 
that  the  impressed  velocity  n  is  very 
great,  and  hence  cos.  6^— cos.  a  exceed- 
ingly minute,  and  on  this  supposition, 
obtain  integrals  of  equations  (6)  and  (7), 
which  will  express  with  all  requisite  accu- 
racy the  true  gyroscopic  motion.  For 
this  purpose,  make 

d=a—2c,  dO=—du 

in  which  the  new  vai'iable  u  is  always  ex- 
tremely minute,  and  is  the  angular  de- 
scent of  the  axis  of  figure  below  its  initial 
elevation. 

By  developing  and  neglecting  the 
powers  of  u  superior  to  the  square,  we 
have 
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sin.''  6=sm.^a—u  sin.  2a-\-u^  cos.  2a* 

COS.  0  — COS.  a^li  sin.  a  —  ^u^  COS.  a 

substituting   these   values   in   eq.  6,   we 
get 


i/4dt= 


du 


^         V2w  sin.a-w*(cos.  aH-4y3») 
y5  having  been  assumed  very  great,  cos.  a 

*  By  Stirling's  theorem, 

/(t<)=U+U'|+U"-^,  &c., 

in  which  U,  U  ,U",  &c  ,  are  the  values  of/  (u)  and  its 
•different  coefficients  when  u  is  is  made  zero. 

Making/ (m)= sin."  (a— «),  and  recollecting  that  sin. 
2w=2  sin. MOOS.  M  and  cos.  2w=cos.'''m— sin^w,  we  get 
the  value  of  sin.^e ;  and  making /■(w;=co8.(a—w)—co8,a 
the  value  in  text  of  cos.  0— cos.  a  is  obtained. 

t  Eq.  6  may  be  written 

^    ^'^2(C0S.«-C0S.a)-4^'(^««-   '-«««•    '^^' 


g   dti  •    >     I-  sin. 20. 

By  substituting  the  values  just  found  of  d9,  sin."  d 
and  COS.  0— cos  a  and  performing  the  operations  indi- 
cated, neglecting  the  higher  powers  of  u,  (by  which 
(cos.    -coj'-  '^i    reduces   simply  to  u"^)  and  deducmg 

the  value  |/^e«^,  the  expression  in  the  text  is  ob- 
tained. 
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tnay  be  neglected  in  comparison  with  4/^' 
and  the  above  may  be  written 

^        V2u  sin.  a-4:P^u^ 

Integrating  and   observing  that  u=o, 
when  t=o,  we  have 

y  ^.  t=—,  arc-^  cos.  =  l P—  V 

'    X        ^ji         {  sm.a  j 

{See  Appendix,  Note  A.) 


«=^"(l-cos.2Vf.) 
or,  (since  cos.  2a  =  1—2  sin.'  ci) 

Putting  a  —  u    in  place  of  6  (equat.  7) 
neglecting  square  of  u,  we  get 

f =yf •  -. Vf.«  (10) 

(>S'ee  Appeiidix,  Note  B.) 
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from  which,  observing  that  ^'  =  0,  when 

*=l^V'f.^-4^sin.(2Vf.^)        (11) 

These  three  expressions  (9),  (10),  (11),, 
represent  the  vertical  angular  depression 
— the  horizontal  angular  velocity — and 
the  extent  of  horizontal  angular  motion  of 
the  axis  of  figure  after  any  time  ^.* 

The  first  two  will  reach  their  respect- 
ive maxima  and  minima  when  sin.  fiy  ^-  ^ 

=1  and  =0;  or  when  t=z-^J\  ^nd  <= 
These  values  of  t  in  equation  (11)  give 

*  The  assumption  that  v=0  when  t  is  zero  supposes 
that  the  initial  position  of  the  node  coincides  with 
the  fixed  axis  of  cc.  In  my  subsequent  illustra- 
tions and  analysis  I  suppose  the  initial  position  to 
be  at  90°  therefrom,  which  would  require  to  the 
above  value  of  </.,  the  constant  i^tt  to  be  added.  The 
horizontal  an^rular  motion  of  the  axis  of  flprure  is  the 
same  as  that  of  the  node. 
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Hence,  counting  from  the  commence- 
ment of  motion,  when  t,  i/,--^and   //'    are 

all  zero,  we  have  the  following  series  of 
corresponding   values  of  these  variables 


which  correspond  to  the  moment  of  great 

est 

and 


est  depression,  when  u  and -£ are  maxima 


when,. it  appears  {u  being  the  zero),  the 
axis  of  figure  has  regained  its  original 
elevation  and  the  horizontal  velocity  is 
destroyed. 

All  these  values  are  (owing  to  the  as- 
sumed large  value  of  //)  very  minute.  If 
we  suppose  the  rotating  velocity  n=100 
n  or  100  revolutions  per  second,  the 
maximum  of  u  (with  an  instrument  of  or- 
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dinary  proportions)  would  be  a  fraction 
of  a  minute  of  arc,  and  the  period  of  un- 
dulation but  a  fraction  of  a  second. 

Hence  the  horizontal  motion  about  the 
point  of  support  will  be  exceedingly  slow 
comjDared  with  the  axial  rotation  of  the 
disk  expressed  by  ??. 

If,  in  equations  (9)  and  (10),  we  in- 
crease t  indefinitely  we  will  have  but  a 
repetition  of  the  series  of  values  already 
found,  they  being  recurring  functions  of 
the  time. 

.  We  see,  then,  the  revolving  body 
does  7iot,  in  fact,  maintain  a  uniform  un- 
changing elevation,  and  move  about  its 
point  of  support  at  a  uniform  rate,  (as  it 
appears  to  do).  But  the  axis  of  figure 
generates  what  may  be  called  a  corru- 
gated cone,  and  any  point  of  it  would  de- 
scribe an  undulating  curve  (Fig.  2)  whose 
superior  culminations  a,  a\  a",  &c.,  are 
cusps  lying  in  the  same  horizontal  plane, 
and  whose  sagittae  ch,  cb',&G.,  are  to  the 

,.,    ,  f     f    f,  o  sin.  a      7t 

amplitudes  aa,  a  ,a  '  «&c.,  as       ,    :  ^^l  ; 

sin. a  :  n.  If  the  initial  elevation  a  is  90°, 
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this  ratio  is  as  the  diameter  to  the  circum- 
ference of  the  circle :  a  property  whicli  in- 
dicates the  cycloid. 

Assuming  a— 90°  and  sin.  a— 1,  equa- 
tions (9)  and  (10)  will  give,  by  elimination 


of  sin.«y5|/f  ^, 


A 

_  dt=     # 

substituting  this  value  in  eq.  {d\  we  get 

,,         2/3  udu  II  du 

dtp= 


the  differential  equation    of  the  cycloid 
generated  by  the  circle  whose  diameter  is 

In  this  position  of  the  axis,  both  the 
angles  u  and  ip  are  arcs  of  great  circles 
described  by  a  point  of  the  axis  of  figure 
at  a  units  distance  from  O,  and  owing  to 
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their  minuteness  may  be  considered  as 
rectilinear  co-ordinates. 

If   a  is  not  90°,  the  sagittae  bc=^r--^ 

sin.  a ;  but  then,  while  the  angular 
motion  ^  is  the  same,  the  arc  described 
by  the  same  point  of  the  axis  will  be  that 
of  a  small  circle,  whose  actual  length  will 
likewise  be  reduced  in  the  ratio  of  1 :  sin.a. 
The  curve  is  therefore  a  cycloid  in  all 
•circumstances ;  and  the  axis  of  figure 
moves  as  if  it  were  attached  to  the  cir- 
■cumference  of  a  minute  circle  whose  diam- 
eter is  ^-j^sin.  a,  which  rolled  along  the 

horizontal  circle,  a  a'  d\  about  the  verti- 
cal through  the  point  of  support. 

The  center  e  of  this  little  circle  moves 
with  uniform  velocity.  The  jirst  term  of 
the  value  of  il>  (equation  11)  is  due  to  this 
uniform  motion;  it  may  be  called  the 
mean  precession. 

The  second  term  is  due  to  the  circular 
motion  of  the  axis  about  this  center,  and 
combined  with  the  corresponding  values 


35 


of  u,  constitutes  what  may  be  called  the 
nutation. 

These  cycloidal  undulations  are  so  min- 
ute— succeed  each  other  with  such  rapid- 
ity (with  the  high  degreees  of  velocity 
usually  given  to  the  gyroscope),  that  they 
are  entirely  lost  to  the  eye,  and  the  axis 
seems  to  maintain  an  unvarying  elevation 
and  move  around  the  vertical  with  a  uni- 
form slow  motion. 

It  is  in  omitting  to  take  into  account 
these  minute  undulations  that  nearly  all 
popular  explanations  fail.  They  fail,  in 
the  first  place,  because  they  substitute,  in 
the  place  of  the  real  phenomenon,  one 
which  is  purely  imaginary  and  inexplica- 
ble, since  it  is  in  direct  variance  with  fact 
and  the  laws  of  nature ; — and  they  fail? 
because  these  undulations — (great  or 
small,  according  as  the  impressed  rota- 
tion is  small  or  great)  furnish  the  only 
true  clue  to  an  understanding  of  the  sub- 
ject. 

The  fact  is,  that  the  phenomenon  ex- 
hibited by  the  gyroscope  which  is  so 
striking,  and  for  which  explanations  are 
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so  much  sought,  is  only  &>  particular  and 
extreme  phase  of  the  motion  expressed 
by  equations  (6)  and  (7) — that  the  self- 
sustaining  power  is  not  absolute,  but  one 
of  degree — that,  however  minute  the  axial 
rotation  may  be,  the  body  never  will  fall 
quite  to  the  vertical ; — however  great,  it 
cannot  sustain  itself  without  any  depres- 
sion. 

I  have  exhibited  the  undulations,  as  they 
exist  with  high  velocities — when  they  be- 
come minute  and  nearly  true  cycloids ; 
with  low  velocities  they  would  occupy 
(horizontally)  a  larger  portion  of  the  arc 
of  a  semi-circle,  and  reach  downward  ap- 
proximating, more  or  less  nearly,  to  con- 
tact with  the  vertical;  and,  finally,  when 
the  rotary  velocity  is  zero,  their  cusps  are 
in  diametrically  opposite  points  of  the 
horizontal  circle,  while  the  curves  resolve 
themselves  into  vertical  circular  arcs 
which  coincide  with  each  other,  and  the 
vibration  of  the  pendulum  is  exhibited. 
All  these  varieties  of  motion,  of  which 
that  of  the  pendulum  is  one  extreme 
phase    and    the  gyroscopic  another,  are 
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embraced  in  equations  (6)  and  (7)  and 
exhibited  by  varying  ^  from  0  to  high 
values,  though  (wanting  general  integrals 
to  these  equations)  we  cannot  determine, 
except  in  these  extreme  cases,  the  exact 
elements  of  the  undulations.  The  mini- 
mum value  of  6  may,  however,  always  be 
determined  by  equation  (8). 

If  we  scrutinize  the  meaning  of  equa^ 
tions  (6)  and  (7),  it  will  be  found  that 
they  represent,  the  first,  the  horizontal 
angular  component  of  the  velocity  of  a 
point  at  units  distance  from  O,  and  the 
second  the  actual  velocity  of  such  point.* 


*In  more  general  terms  equations(4)  express.the  first, 
that  the  moment  of  the  quantity  of  motion  about  the 
fixed  vertical  axis  Oz  remains  always  constant ;  the 
second  that  the  living  forces  generated  in  the  body 
(over  and  above  the  impressed  axial  rotation)  are  ex- 
actly what  is  due  to  gravity  through  the  height,  h. 

Both  are  expressions  of  truths  that  might  have  been 
anticipated  ;  for  gravity  cannot  increase  the  moment 
of  the  quantity  of  raot\on.Q.\io\xtQ,n  axis  paraUd  to  itself; 
while  its  power  of  generating  living  force  by  working 
through  a  given  height,  cannot  be  impaired. 

Had  we  considered  ourselves  at  liberty  to  assume 
them,  however,  the  equations  might  have  been  got 
without  the  tedious  analysis  by  which  we  have  reached 
them. 
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For  sin.6-|^    is    the    horizontal,    and 
at 

rlf) 

—y  the  vertical,  component  of  this  veloc- 

ity.  Calling  the  first  v^,  and  the  second 
?;„,  and  the  resultant  Vg,  and  calling  cos. 
^— cos.  a  (which  is  the  true  height  of 
fall),  A,  those  equations  may  be  written 

0,11       h 
A    sm.  u 


This  velocity  Vg  (as  a  function  of  the 
height  of  fall)  is  exactly  that  of  the  com- 
pou7idpeiidulumyQ.nd  is  e^itirely  independ- 
ent of  the  axial  rotation  n.  Hence  (as 
we  might  reasonably  suppose)  rotary 
motion  has  no  power  to  impair  the  work 
of  gravity  through  a  given  height^  in  gen- 
erating velocity  ;  but  it  does  have  power 
to  change  the  direction  of  that  velocity. 
Its  effect  is  precisely  that  of  a  material 
undulatory  curve,  wliich,  deflecting  the 
body's  path  from  vertical  descent,  finally 
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directs  it  upward,  and  causes  its  velocity 
to  be  destroyed  by  tlie  same  forces  which 
generated  it. 

And  it  may  be  remarked,  that,  were  the 
cycloid  we  have  described  such  a  material 
curve,  on  which  the  axis  of  the  gyroscope 
rested,  without  friction  and  without  rota- 
tion, it  would  travel  along  this  curve  by 
the  effect  of  gravity  alone  (the  velocity 
of  descent  on  the  downward  branch  carry- 
ing it  up  the  ascending  one),  with  exactly 
the  same  velocity  that  the  rotating  disk 
does,  through  the  combined  effects  of 
gravity  and  rotation. 

Equation  (a)  expresses  the  horizontal 
velocity  produced  by  the  rotation. 

If  we  substitute  its  value  in  the  second 
we  may  deduce 

^^    ,/2^     nw     h? 


dt     ^    x"       K'     rn^.'S 

If  we  take  this  value  at  the  commence- 
ment of  descent,  and  before  any  horizon- 
tal velocity  is  acquired  (making  h  indefi- 
nitely small),  the  second  term  under 
the  radical  may   be  neglected,  and   the 
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first  increment  of  descending  velocity  be- 

comesy  _^^^  precisely   what   is   due   to 

gravity,  and  what  it  would  be  were  there 
no  rotation. 

Hence  the  popular  idea  that  a  rotat- 
ing body  offers  any  direct  resistance  to  a 
change  of  its  plane,  is  unfounded.  It  re- 
quires as  little  exertion  of  force  (in  the 
direction  of  motion)  to  move  it  from  one 
plane  to  another,  as  if  no  rotation  existed; 
and(as  a  corollary)  as  little  expenditure  of 
work. 

But  deflecting  forces  are  developed,  by 
angular  motion  given  to  the  axis,  and  nor- 
mal to  its  direction,  which  are  very  sen- 
sible, and  are  mistaken  for  direct  resist- 
ances. If  the  extremity  of  the  axis  of 
rotation  were  confined  in  a  vertical  circu- 
lar groove,  in  which  it  could  move  with- 
out friction  ;  or  if  any  similar  fixed  resist- 
ance, as  a  material  vertical  plane,  were 
opposed  to  the  deflecting  force,  the  rotat- 
ing disk  would  vibrate  in  the  vertical 
plane  as  if  no  rotation  existed.  Its  equa- 
tion of  motion  would  become  that  of  the 
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compound  pendulum, -y-=/l/f^^.    What 
(it     '    \ 

then  is  the  resistance  to  a  change  of  plane 
of  rotation  so  often  alluded  to  and  de- 
scribed.    A  misnomer  entirely. 

The  above  may  be  otherwise  estab- 
lished. If  in  equations  (3)  we  introduce 
in  the  second  member  an  indeterminate 
horizontal  force,  g\  applied  to  the  center 
of  gravity,  parallel  to  the  fixed  axis  of  y, 
and  contrary  to  the  direction  in  which, 
in  our  figure,  we  suppose  the  an- 
gle xp  to  increase,  the  projections  of  this 
force  on  the  axes  Oa;,,  Oy^,  will  be  a'  g 
and  b'  g'  and  the  last  two  of  these  equa- 
tions will  become  (calling  cosines  x^  Oy 
and  2/iOy,  a'  and  b',) 

AdVy — (C — A)nvx  dt=yM.{ag  +  a'g')dt 
kdvx  +  {Q—k)nVydt=—yM{bg  -f-  b'g')dt 

Multiplying  the  first  by  Vy  and  the  second 
by  Vx  and  adding 

k{VydVy-{-v''  dvjc  )=y'M.[g{aVy—bVx  )dt-^g' 

{a'Vy—b'Vx)dt] 
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But  {avy—hvx)dt  has  been  shown  to 
be  =d.  COS.  6, — and  by  a  similar  process 
it  may  be  shown  that  {a'Vy—b'Vx)dt=d. 
(sin.  6  COS.  ?/').  (For  values  of  a  and  h' 
as  before.) 

Let  us  suppose  now  that  the  force  g' 
is  such  that  the  axis  of  the  disk  may  be 
always  maintained  in  the  plane  of  its  ini- 
tial position  xz.  The  angle  (p  would  al- 
ways be  90°,  d(p—Qy  and  (^.(sin.  0  cos.  tp) 
=  0.  That  is,  the  co-efficient  of  the  new 
force  g'  becomes  zero ;  and  the  integral  of 
the  above  equation  is  as  before, 

A(V  +  v.r')=2KM^cos.  e  +  h. 
But  the  value   of  Vy  -f  Vx '  likewise  re- 
duces (since-^=0)  to-^^  and  the  above 
^  dt  df 

becomes  the  equation  of  the  compound 

pendulum  {g)  —^=-^-j-^-co8.  d-^h—-j- 

(cos.  ^— COS.  a),  (A  being   determined.) 
This    is   the   principle   just    before   an 
nounced,  that,  with  a  force  so  applied  as 
to  prevent  any  deflection  from  the  plane  in 
which  gravity  tends  to  cause  the  axis  to 
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vibrate,  the  motion  would  be  precisely  as 
if  no  axial  rotation  existed. 

To  determine  the  force  of  g'\  multiply 
the  first  of  preceding  equations  by  5, 
and  the  second  by  a,  and  add  the  two, 
and  add  likewise  k.{Vydh -{■Vxda=—A  nd 
cos.  ^,  and  we  shall  get 

Ad{bVy  +  avx  )  +  C  nd  cos.  0=y'Mg' 

{a'b—ab')dt. 

By  referring  to  the  values  of  a,a\b,b\  and 
performing  the  operations  indicated  and 
making  cos.  0=o,  sin.  ^=1,  the  above 
becomes, 

kd{bvy  +  avx  )  +  C  nd  cos.  d=yM.g 

sin.  6  dt. 

But    the    value    of    {bVy  +  avx)    be- 
comes zero  when— =0.     Hence, 
at 

,_  C  nd  COS.  e  _       Qn  dO 
^  ~7^  sin.  e  dt~~   y^l  dt  * 


*  The  effect  of  gravity  is  to  diminish  &  and  the  in- 
crement d&  is  negative  In  the  case  we  are  considering. 
Hence  the  negative  sign  to  the  value  of  g' ^  indicating 


44 


The  second  factor  -r-    is     the     angular 
at 

velocity  with  which  the  axis  of  rotation  is 
moving. 

Hence  calling  v^  that  angular  velocity, 
the  value  of  the  deflecting  force,  g  may- 
be written  (irrespective  of  signs), 

«'-^"*'-  ^'^^ 

that  is,  it  is  directly  proportional  to  the 
axial  rotation  w,  and  to  the  angular 
velocity  of  the  axis  of  that  rotation.  By 
putting  for  C,MA;'^  (in  which  k  is  the  dist- 
ance from  the  axis  at  which  the  mass  M, 
if  concentrated,  would  have  the  moment 
of  inertia,  C,)  the  above  takes  the  simple 
form 

g=-nv,. 

In  the  case  we  have  been  considering 
above,  in  which  g'  is  supposed  to  coun- 


that  the  force  is  in  the  direction  of  the  positive  axis  of 
y,  as  it  should,  since  the  tendency  of  the  node  is  to 
move  in  the  reverse  direction. 
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teract  the  deflecting  force  of  axial  rota- 

tion,     the    angular   velocity    Vs   or — -^ 

ecu 

(equation  g)  is  equal  to  j/^(cos.  ^-cos.  a) 

But  in  the  case  of  the  free  motion  of 
the  gyroscope,  this  deflecting  force  com- 
bines with  gravity  to  produce  the  ob- 
served movements  of  the  axis  of  figure. 

If,  therefore,  we  disregard  the  axial  ro- 
tation and  consider  the  body  simply  as 
fixed  at  the  point  O,  and  acted  upon,  at 
the  center  of  gravity,  by  two  forces  — 
one  of  gravity  constant  in  inten- 
sity and  direction  — the  other,  the  deflect- 
ing force  due  to  an  axial  rotation  n,  whose 

variable  intensity  is  represented  by— ^ 

nVg,  and  whose  direction  is  always  normal 
to  the  plane  of  motion  of  the  axis;  we 
ought,  introducing  these  forces,  and  mak- 
ing the  axial  rotation  n  zero,  in  general 
equations  (3),  to  be  able  to  deduce  there- 
from the  identical  equations  (4)  which  ex- 
press the  motion  of  the  gyroscope. 
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This  I  have  done  ;  but  as  it  is  only  a 
verification  of  what  has  previously  been 
said,  I  omit  in  the  text  the  introduction 
of  the  somewhat  difficult  analysis. 

(See  Appendix,  Note  C.) 

Equation  (5)  becomes  (in  the  case  we 
consider),  by  integration; 

(p=nt-{-ip  cos.  a 

which,  with  the  values  of  u  and  tp  already 
obtained,  determines  completely  the 
position  of  the  body  at  any  instant  of 
time. 

Knowing  now  not  only  the  exact 
nature  of  the  motion  of  the  gyroscope, 
but  the  direction  and  intensity  of  the 
forces  which  produce  it,  it  is  not  difficult 
to  understand  why  such  a  motion  takes 
place. 

Fig.  1  represents  the  body  as  supported 
by  a  point  within  its  mass ;  but  the  anal- 
ysis applies  to  any  position,  in  the  axis  of 
figure,  within  or  without;  and  Figs.  3 
and  4  represent  the  more  familiar  cir- 
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Fig.  3 


48 


cumstances  under  which  the  phenomenon 
is  exhibited. 

Let  the  revolving  body  be  supposed 
(Fig.  3,  vertical  projection),  for  simplici- 
ty of  projection,  an  exact  sphere,  sup- 
ported by  a  point  in  the  axis  prolonged 
at  O,  which  has  an  initial  elevation  a 
greater  than  90°.  Fig.  4.  represents  the 
projection  on  the  horizontal  plane  xy 
the  initial  position  of  the  axis  of  figure 
(being  in  the  plane  of  xz)  is  projected  in 
Ox. 

Ox,  0(/,  Oz,  are  the  three  (fixed  in 
space)  co-ordinate  axes,  to  which  the 
body's  position  is  referred. 

In  this  position,  an  initial  and  high 
velocity  n  is  supposed  to  be  given  about 
the  axis  of  figure  O^j,  so  that  the  visible 
portions  move  in  the  direction  of  the 
arrows  b,  b',  and  the  body  is  left  sub- 
ject to  whatever  motion  about  its  point 
of  support  O,  gravity  may  impress  upon 
it.  Had  it  no  axial  rotation,  it  would  im- 
mediately fall  and  vibrate  according  to 
the  known  laws  of  the  pendulum.  In- 
stead of  which,  while  the  axis  maintains 
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(apparently)  its  elevation  a,  it  moves 
slowly  around  the  vertical  Oz,  receding 
from  the  observer,  or  from  the  position 
ON"  towards  ON. 

It  is  self-evident  that  the  first  tendency 
(and  as  I  have  likewise  proved,  the  first 
efi'ect)  of  gravity  is  to  cause  the  axis  Oz^ 
to  descend  vertically,  and  to  generate 
vertical  angular  velocity.  But  with  this 
angular  velocity,  the  deflecting  force  pro- 
portional to  that  velocity  and  normal  to 
its  direction,  is  generated,  which  pushes 
aside  the  descending  axis  from  its  verti- 
cal path.  But  as  the  direction  of  motion 
changes,  so  does  the  direction  of  this 
force — always  preserving  its  perpendicu- 
larity. It  finally  acquires  an  intensity 
and  upward  direction  adequate  to  neu- 
tralize the  downward  action  of  gravity  ; 
but  the  acquired  downward  velocity  still 
exists  and  the  axis  still  descends,  at  the 
same  time  acquiring  a  constantly  increas. 
ing  horizontal  component,  and  with  it  a 
still  increasing  upward  deflecting  force. 
At  length  the  descending  component  of 
velocity  is  entirely  destroyed — the  path 
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of  the  axis  is  horizontal ;  the  deflecting 
force  due  to  it  acts  directly  contrary  to 
gravity,  which  it  exceeds  in  intensity,  and 
hence  causes  the  axis  to  commence  rising. 
This  is  the  state  of  things  at  the  point  b 
(Fig.  2).  The  axis  has  descended  the 
curve  «6,  and  has  acquired  a  velocity  due 
to  its  actual  fall  ad ;  but  this  velocity  has 
been  deflected  to  a  horizontal  direction. 
The  asce7it  of  the  branch  ba'  is  precisely 
the  converse  of  its  descent.  The  acquired 
horizontal  velocity  impels  the  axis  hori- 
zontally, while  the  deflecting  force  due  to 
it  (now  at  its  maximum)  causes  it  to  com- 
mence ascending.  As  the  curve  bends 
upward,  the  normal  direction  of  this  force 
opposes  itself  more  and  more  to  the  hor- 
izontal, while  gravity  is  equally  counter- 
acting the  vertical  velocity.  As  the  hori- 
zontal velocity  at  b  was  due  to  a  fall 
through  the  height  ad,  so,  through  the 
medium  of  this  deflecting  force,  it  is  just 
capable  of  restoring  the  work  gravity  had 
expended  and  lifting  the  axis  back  to  its 
original  elevation  at  a\  and  the  cycloidal 
undulation  is  completed,  to  be  again  and 
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again  repeated,  and  the  axis  of  figure, 
performing  undulations  too  rapid  and  too 
minute  to  be  perceived,  moves  slowly 
around  its  point  of  support. 

Keferring  to  Fig.  3,  the  equator  of  the 
revolving  body  (a  plane  perpendicular  to 
the  axis  of  figure  and  through  the  fixed 
point  O,)  would  be  an  imaginary  plane 
EjE.^.  Its  intersection  with  the  horizon- 
tal plane  of  xy  would  be  the  line  of  nodes 
N,N'.  In  the  position  delineated,  the 
progression  of  the  nodes  is  direct.  For,  at 
the  acending  node  N,  any  point  in  the 
imaginary  plane  of  the  equator  (sup- 
poosed  to  revolve  with  the  body)  would 
move  upwards  in  the  direction  of  the 
arrow  a,  while  the  node  moves  in  the 
same  direction  from  O  (of  the  arrow  a). 
Were  the  axis  of  figure  below  the  hori- 
zontal plane,  (Fig.  5)  the  upward  rotation 
of  the  point  would  be  from  O  to  E,  (as 
the  arrow  a),  while  the  progression  of  the 
node  (in  the  same  direction  as  before  as 
the  arrow  a)  would  be  the  reverse,  and 
the  motion  of  the  node  would  be   retro- 
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grade — yet  in  both  cases   the  same  in 
space. 

As  the  deflecting  force  of  rotary  mo- 
tion is  the  sole  agent  in  diverting  the 
vertical  velocity  produced  by  gravity  from 
its  downward  direction,  and  in  producing 
these  paradoxical  effects  ;  and  as  the  fore- 
going analysis,  while  it  has  determined  its 
value,  has  thrown  no  hght  upon  its  origin, 
it  may  be  well  to  inquire  how  this  force  is 
created. 

Popular  explanations  have  usually 
turned  upon  the  deflection  of  the  vertical 
components  of  rotary  velocity  by  the  ver- 
tical angular  motion  of  the  axis  produced 
by  gravity.  In  point  of  fact,  however 
both  vertical  and  horizontal  components 
are  deflected,  one  as  much  as  the  other ; 
and  the  simplest  way  of  studying  the  ef- 
fects produced,  is  to  trace  a  vertical  pro- 
jection of  the  path  of  a  point  of  the  body 
under  these  combined  motions.  For  this 
purpose  conceive  the  mass  of  the  revolv- 
ing disk  concentrated  in  a  single  ring  of 
matter  of  a  radius  k  due  to  its  moment 
of  inertia  C=M^''  (see  Bartlett  Mech.  p. 
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178),  and,  for  simplicity,  suppose  the  an- 
gular motion  of  the  axis  to  take  place 
around  the  center  figure  and  of  gravity  G. 
Let  AB  be  such  a  ring  (supposed  per- 
pendicular to  the  plane  of  projection)  re- 
volving about  its  axis  of  figure  GC,  while 
the  axis  turns  in  the  vertical  plane  about 
the  same  point  G.  Let  the  rotation  be 
such  that  the  visible  portion  of  the  disk 
moves  upward  through  the  semi-circum- 
ference, from  B  to  A,  while  the  axis  moves 
downward  through  the  angle  6  to  the 
position  QtC.  The  point  B,  by  its  axial 
rotation  alone,  would  be  carried  to  A ; 
but  the  plane  of  the  disk,  by  simultane- 
ous movement  of  the  axis,  is  carried  to 
the  position  A'B',  and  the  point  B  arrives 
at  B'  instead  of  A,  through  the  curve  pro- 
jected in  BGB'.  The  equation  of  the 
projection,  in  circular  functions,  is  easily 
made  ;  but  its  general  character  is  readily 
perceived,  and'  it  is  sufficient  to  say  that 
it  passes  through  the  point  G, — that  its 
tangents  at  B  and  B'  are  perpendicular 
to  AB  and  A'B', — and  that  its  concavity 
throughout   its  whole  length   turned  to 
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the  right.  The  point  A  descends  on  the 
other,  or  remote  side  of  the  disk,  and 
makes  an  exactly  similar  curve  AGA' 
with  its  concavity  reversed. 

Fig.  6 


The  centrifugal  ioxce^  due  to  the  deflec- 
tions of  the  vertical  motions  are  normal  to 
the  concavities  of  these  curves  ;  hence,  on 
the  side  of  the  axis  towards  the  eye,  they 
are  to  the  left^  and  on  the  opposite  or 
further  side,  to  the  rights  (as  the  arrows 
h  and  a.)     Hence  the  joint  effect   is  to 
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press  the  axis  GC  from  its  vertical  plane 
CGC,  hoiizontally  and  towards  the  eye. 
Reverse  the  direction  of  axial  rotation  and 
the  curves  AA'  and  BB'  will  be  the  same 
except  that  AA'  would  be  on  the  near 
and  BB'  on  the  remote  side  of  the  axis 
GC,  and  the  direction  of  the  resulting 
pressure  will  be  reversed. 

A  projection  on  the  horizontal 
plane  would  likewise  illustrate  this 
deflecting  force  and  show  at  the  same 
time  that  there  is  no  resistance  in  the 
plane  of  motion  of  the  axis,  and  that 
the  whole  effect  of  these  deflections  of 
the  paths  of  the  different  material 
points,  is  a  mere  interchange  of  living 
forces  between  the  different  material 
points  of  the  disk;  but  it  is  believed  that 
the  foregoing  illustration  is  sufficient  to 
explain  the  origin  of  this  force,  whose 
measure  and  direction  I  have  analytically 
demonstrated. 

It  may  be  remarked,  however,  that  the 
intensity  of  the  force  will  evidently  be 
directly  as  the  velocities  gained  and  lost 
in  the  motion  of  the  particles  from  one 
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side  of  the  axis  to  the  other ;  or  as  the 

angular  velocity  of  the  axis,  and  as  the 

distance,  k,  of  the  particles  from  that  axis. 

It  will  also  be  as  the  number  of  particles 

which  undergo  this  gain  and  loss  of  living 

force  in  a  given  time ;  or  as   the  velocity 

of  axial  rotatio7i.     Considered  as  applied 

normally  at  G  to  produce  rotation  about 

any  fixed  point  O  in  the  axis,  its  intensity 

will  evidently   be  directly  as  the  arm  of 

lever  k,  and  inversely  as  the  distance  of 

G  from  O  {y).     Hence  the  measure   of 

this  force  already   found,  from  analysis, 

k"^ 
9  =  -nVg. 

r 

'  In  the  foregoing  analysis,  the  entire 
ponderable  mass  is  supposed  to  partake 
of  the  impressed  rotation  about  the  axis 
of  figure  O^j ;  and  such  must  be  the  case 
im  order  that  the  results  we  have  arrived 
at  may  rigidly  apply.  Such,  however, 
cannot  be  the  case  in  practice.  A  portion 
of  the  instrument  must  consist  of  mount- 
ings which  do  not  share  in  the  rotation 
of  the  disk.  It  is  believed  the  anal- 
ysis will  apply  to  this  case  by  simply  in- 
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eluding  the  whole  mass,  in  computing 
the  moment  of  inertia  A  and  the  mass  M, 
while  the  moment  C  represents,  as  be- 
fore, that  of  the  disk  alone. 

In  this  manner  it  would  be  easy  to  cal- 
culate what  amount  of  extraneous  weight 
(with  an  assumed  maximum  depression  u) 
the  instrument  would  sustain,  with  a  giv- 
en velocity  of  rotation. 

The  analogy  between  the  minute  mo- 
tions of  the  gyroscope  and  that  grand 
phenomenon  exhibited  in  the  heavens, — 
the  "precession  of  the  equinoxes" — is 
often  remarked.  In  an  ultimate  analysis, 
the  phenomena,  doubtless,  are  identical ; 
yet  the  immediate  causes  of  the  latter  are 
so  much  more  complex,  that  it  is  difficult 
to  institute  any  profitable  comparison. 

At  first  sight  the  undulatory  motion 
attending  the  precession,  known  as 
"  nutation  "  (nodding)  would  seem  iden- 
tical with  the  undulations  of  the  gyro- 
scope. But  the  identity  is  not  easily  in- 
dicated ;  for  the  earth's  motion  of  nuta- 
tion is  mainly  governed  by  the  moon, 
with  whose  cycles  it   coincides ;  and  the 
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solar  and  lunar  precessions  and  nutations 
are  so  combined,  and  affected  by  causes 
which  do  not  enter  into  our  problem, 
that  it  is  vain  to  attempt  any  minute 
identification  of  the  phenomena,  without 
reference  to  the  difficult  analysis  of 
celestial  mechanics. 

On  a  preceding  page  I  said  that  a  hor- 
izontal motion  of  the  rotating  disk 
around  its  point  of  support,  without  de- 
scending undulations,  was  at  variance 
with  the  laws  of  nature.  This  assertion 
applied,  however,  only  to  the  actual  prob- 
lem in  hand,  in  which  no  other  external 
force  than  gravity  was  considered,  and  no 
other  initial  velocity  than  that  of  axial  ro- 
tation. 

Analysis  shows,  however,  that  an  ini- 
tial impulse  may  be  applied  to  the  rotat- 
ing disk  in  such  a  way  that  the  horizon- 
tal motion  shall  be  absolutely  without 
undulation.  An  initial  horizontal  angu- 
lar velocity,  such  as  would  make  its  cor- 
responding deflective  force  equal  to  the 
component   of   gravity,  g   sin.   6,   would 
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cause  a  horizontal  motion  without  undu- 
lation. 

If  the  axial  rotation  w,  as  well  as  the 
horizontal  rotation,  is  communicated  by 
an  impulsive  force,  analysis  shows  that  it 
may  be  applied  in  any  plane  intersectmg 
the  horizontal  plane  in  the  line  of  nodes; 
but  if  apphed  in  the  plane  of  the  equator 
(where  it  can  communicate  nothing  but 
an  axial  rotation  w),  or  in  the  horizontal 
plane,  its  intensity  must  be  infinite. 

My  announced  object  does  not  carry 
me  further  into  the  consideration  of  the 
gyroscope  than  the  solution  of  this  pecu- 
liar phenomenon,  which  depends  solely 
upon,  and  is  so  illustrative  of,  the  laws  of 
rotary  motion. 

If  I  have  been  at  all  successful  in  mak- 
ing this  so  often  explained  subject  more 
intelligible — in  giving  clearer  views  of 
some  of  the  supposed  effects  of  rotation, 
it  has  been  because  I  have  trusted  solely 
to  the  only  safe  guide  in  the  complicated 
phenomena  of  nature,  analysis. 


61 


Appendix. — Note  A. 
du 


'\/2u  sin.  a—^ffy? 


may  be  put  in    the 


sin.  a  _ 
form 


sm. 


V: 


2w 


sm.  a 


Call      '    =B,  and   the  integral   of  the 

2d    factor    of     the     above   is    the     arc 

whose  radius  is  R  and  versed  sine  is  u ; 

or  whse  cosine  is  R— w,  or  it  is  R  times 

u 
the  arc  whose  cosine  1—^=^    with     radius 

XV 

unity.      Substituting  the  value  of  R  in 
the  integral  and  multiplying  by  the  factor 


2/3 


sin 
text. 


— we  get  the  value  of  i/^t       of 
.a  '    ;\  ' 


the 
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Note   B. 

In  eq.  (7)  if  we  divide  both  members 
by  sin."  8,  and,  in  reducing  the   fraction 

COS.    0 — COS.  a  1         J 

: — 5-7i ,   use    the    values   already 

Sin."  6. 

found  and  neglect  the  square,  as  well  as 
higher  powers  it,  (which  may  be  done 
without  sensible  error,  owing  to  the  min- 
uteness of  w,  though  it  could  not  be  done 
in  the  foregoing  values  of  clt  and  t,  since 
the  co-efficient  4/)"  in  those  values,  is  re- 
ciprocally great,  as  u  is  small)  the  quo- 
tient will  be  simply  -: 

^  -^  sm.  a 

Substituting  the  value  of  ic  and  divid- 
ing  out  sin.  a,  we  get  the  value  ot—r     in 
the  text. 
The  integral  of  ^m^fiy^tdt  results  from 

the  formula /sin."  g)d(p=^q)—\  sin.  Icp, 
easily  obtained  by  substituting  for  sin." 
cp,  its  value  \—^  cos.  2^. 
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Note   C. 

To  introduce  these  forces  in  Eq.  (3) 
I  observe,  first,  that  as  both  are  applied  at 
G  (in  the  axis  O^^)  the  moment  L,  is  still 
zero  and  the  "first  eq.  becomes,  as  before 

Qdvz  =  O  ox  Vz  =  const. 

And  as  we  disregard  the  impressed 
axial  rotation,  we  make  this  constant  (or 
x'z  )  zero. 

The  deflecting  force  —^^s  (taken  with 

contrary  sign  to  the   counteracting  force 

just  obtained)   resolves   itself  into   two 

^    Gndd      ^      C7i  (lib      .       ^ 

components-^- -^- and ^^ -r    sm.    0, 

^  ;/M  clt  ;'M  dt  ' 

the  first  in  a  horizontal,  the  second  in   a 

vertical  plane,  and   both   normal  to   the 

axis  of  figure. 

The  second  is  opposed  to  gravity, 
whose  component  normal  to  the  axis  of 
figure  is  g  sin.  6. 
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Hence  we  have    the   two  component 
forces  (in  the  directions  above  indicated), 


yM.   dt  Y       yM.   dt) 

These  moments  with  reference  to  the 
axes  of  y,  and  ic,  will  be 

Af/        Gndip\    .      ^ 
-sm.<^KM(r/--^-^)sm.^- 

COS.  <?>KM-^^,and 


__/        On  d(p\    .      ^ 
cos.  cpy^^g--^  ^J  sm.  6- 


Gn  dip' 

I  sm.  u— 

\^Cnde 
sm.  9^yM^  — 


Hence  equations  (3)  (making  Vg  zero,  and 
putting  for  M,  and  N,  the  above  values, 
and  recollecting  the  values  of  a  and  b, 
become 
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Kdvy  ^^ayM-gclt— 

a(Jn—rdt--(Jn  cos.  cp——cU 

dt  dt 

Advx  =—by  'M.gdt  + 

7^    <^^'  7.     /-<  -         dd    ^ 

oCn^dt—(j?i  sm.  cp —  dt 

dt  ^  dt 


Multiplying  the  equations  severally  by 
Vy  and  Vx  ,  adding  and   reducing,  we  get 

A(Vy  dvy  +  Vxdvx)=y'M.gd.co8.  6  — 

Cn-jd.  COS.  6—Cnd  6  (vy  coB.tp  +  Vx  sin.  cp) 

But  Vy  COS.  (p  +  Vx  sin.   ^   will   be   found 

dip 
equal  to  sin.  6  -^    (by    substituting    the 

values  of  Vy  and  v^; );  hence  the  two  last 
terms  destroy  each  other,  and  the  above 
equation  becomes  identical  with  equation 
(a)  from  which  the  2d  eq.  (4)  is  deduced. 
Multiplying  the  1st  equation  (^)  by 
COS.  q)  and  the  second  by  sin.  cp  and  add- 
ing, we  get 


A(cos.  cpdvy  +  sin.  (pdvx)  =  —CTid  0. 
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By  differentiating  the  values  of  Vy  and 
Vx ,  performing  the  multiplications,  and 
substituting  for  d(p  its  value,  cos.  ddtp, 
(proceeding  from  the  3d  equation  (2) 
when  Vz  =  0),  the  above  becomes 

Al  sm.  6  --^  +  2  cos.  d~  -^]  =  —Gn-=- 
\  de  (It    dtl  dt 

Multiplying  both  members  by  sin.  ddt, 
and  integrating,  the  above  becomes 

.    2  ^dtp     On         ^ 
sm.'  l^-^^-r-cos.  6  +  1', 
dt     A 

the  same  as  the  1st  equation  (4)  when  the 
value  of  the  constant  I  is  determined. 
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Fourth  edition,  revised  and  enlarged,  with  many  new  ex- 
periments, and  illustrated  with  twenty-three  copperplate 
engravings.    4to,  cloth 15  00 

FREE-HAND  DRAWING.  A  Guide  to  Ornamental  Figure 
and  Landscape  Drawing.  By  an  Art  Student.  lomo, 
boards 50 

GILLMORE  (Gen.  Q.  A.)  Treatise  on  Limes,  Hydraulic  Ce- 
ments, and  Mortars.  Papers  on  Practical  Engineering,  U. 
S.  Engineer  Department,  No.  9,  containing  Reports  of 
numerous  Experiments  conducted  in  New  York  City  during 
the  years  1858  to  1861,  inclusive.  With  numerous  illustra- 
tions.    8vo,  cloth 4  00 

Practical  Treatise  on  the  Construction  of  Roads,  Streets, 

and  Pavements.     With  70  illustrations.     i2mo,  cloth 2  00 

Report  on  Strength  of  the  Building  Stones  in  the  United 

States,  etc.    8vo,  illustrated,  cloth    I  50 

Coignet  Beton  and  other  Artificial  Stone.    9  plates,  views, 

etc.    Bvo,  cloth 2  ^ 

GOODEVE  (T.  M.)    A  Text-Book  on  the  Steam-Engine.    143 

illustrations.     i2mo,  cloth 2  00 

GORDON  (J.  E.  H.)  Four  Lectures  on  Staticlnduction.  i2mo, 
cloth 80 


GRUNER  (M.  L.)  The  Manufacture  of  Steel.  Translated 
from  the  French,  by  Lenox  Smith,  with  an  appendix  on  the 
Bessemer  process  m  the  United  States,  by  the  translator. 
Illustrated.    8vo,  cloth $3  50 

HALF-HOURS  WITH  MODERN  SCIENTISTS.  Lectures 
and  Essays.  liy  Professors  Huxley,  Barker,  Stirling,  Cope, 
Tyndall,  Wallace,  Roscoe,  Hu^gins,  Lockyer,  Young, 
Mayer,  and  Reed.  Being  the  University  Series  bound  up. 
With  a  general  introduction  by  Noah  Porter,  President  of 
Yale  College.    2  vols.  i2mo,  cloth,  illustrated 2  5c 

HAMILTON  (W.  G.)  Useful  Information  for  Railviray  Men. 
Sixth  edition,  revised  and  enlarged  562  pages,  pocket  form. 
Morocco,  gilt 200 

HARRISON  (W.  B.)  The  Mechanic's  Tool  Book,  with  Prac- 
tical Rules  and  Suggestions  for  Use  of  Machinists,  Iron- 
Workers,  and  others.  Illustrated  with  44  engravings, 
izmo,  cloth 1  50 

HASKINS  (C.  H.)  The  Galvanometer  and  its  Uses.  A  Man- 
ual for  Electricians  and  Students.  Second  edition.  i2mo, 
morocco i  50 

HENRICI  (OLAUS).  Skeleton  Structures,  especially  in  their 
application  to  the  Building  of  Steel  and  Iron  Bridges.  With 
folding  plates  and  diagrams,    fcvo,  cloth i  50 

HEWSON  (WM.)  Principles  and  Practice  of  Embanking 
Lands  from  River  Flooas,  as  applied  to  the  Levees  of  the 
Mississippi.    8vo,  cloth 2  00 

HOLLEY  (ALEX.  L.)  A  Treatiseon  Ordnance  and  Armor,  em- 
bracing descriptions,  discussions,  and  professional  opinions 
concerning  the  materials,  fabrication,  requirements,  capa- 
bilities, and  endurance  of  European  and  American  Quns, 
for  Naval,  Sea-Coast,  and  Iron-CIad  Warfare,  and  their 
Rifling,  Projectiles,  and  Breech-Loading;  also,  results  of 
experiments  against    armor,   from   official  records,  with  an 

Eendix  referring  to  Gun-Cotton,  Hoooed  Guns,  etc.,  etc. 
pages,  493  engravings,  and  147  Tables  of  Results,  etc. 
.  half  roan 10  00 

Railway   Practice       American    and   European   Railway 

Practice  in  the  economical  Generation  of  Steam,  including 
the  Materials  and  Construction  of  Co^l-burning  Boilers, 
Combustion,  the  Variable  Blast,  Vaporization,  Circulation, 
Superheating,  Supplying  and  Heating  Feed-water,  etc., 
and  the  Adaptation  of  Wood  and  Coke-burning  Engines  to 
Coal-burning;  and  in  Permanent  Way,  including  Koad-bed, 
Sleepers,  Rails,  Joint-fastenings,  Street  Railways,  etc  ,  etc. 
With  77  lithographed  plates.    Folio,  cloth I2  90 

HOWARD  (C.  R.)  Earthwork  Mensuration  on  the  Basis  of 
the  Prismoidal  Formulae.  Containing  simple  and  labor- 
saving  method  of  obtaining  Prismoidal  Contents  directly 
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from  End  Areas.  Illustrated  by  Examples,  and  accom- 
panied by  Plain  Rules  for  Practical  Uses.  Illustrated.  8vo, 
cloth  $1  50 

INDUCTION-COILS.  How  Made  and  How  Used.  63  illus- 
trations.    i5mo,  boards 50 

ISHERWOOD  (B.  F.)  Engineering  Precedents  for  Steam  Ma- 
chinery. Arranged  in  the  most  practical  and  useful  manner 
for  Engineers.  With  illustrations.  Two  volumes  in  one. 
8vo,  clolh 250 

JANNE TTAZ  (EDWARD).  A  Guide  to  the  Determination  of 
Rocks:  being  an  Introduction  to  Lithology.  Translated 
from  the  French  by  G.  \V.  Plympton,  Professor  of  Physical 
Science  at  Urooklyn  Polytechnic  Institute.     i2mo,  cloth....   i  ^0 

JEFFERS  (Capt.  W.  N.,  U.  S.  N  )  Nautical  Surveying.  Illus- 
trated with  g  copperplates  and  31  wood-cut  illustrations. 
8vo,  cloth 500 

JONES  (H.  CHAPMAN).  Text- Book  of  Experimental  Or- 
ganic Chemistry  for  Students.    iSmo,  cloth I  00 

JOYNSON  (F.   H.)     The  Metals  used  in  Construction:  Iron, 

Steel,  Bessemer  Metal,  etc.,  etc.     Illustrated.    i2mo,  cloth.       75 

Designing  and  Construction  of  Machine  Geanng.  Illus- 
trated    8vo,  cloth 2  00 

KANS.\S  CITY  BRIDGE  (THE).  With  an  account  of  the 
Regimen  of  the  Missouri  River,  and  a  description  of  the 
methods  used  for  Founding  in  that  River.  By  O.  Chnnute, 
Chief-Engineer,  and  George  Morrison,  Assistant-Engineer. 
Illustrated  with  five  lithographic  views  and  twelve  plates  of 
plans     4to,  cloth 600 

KING  (W.  H.)  Lessons  and  Practical  Notes  on  Steam,  the 
Steam-Engine,  Propellers,  etc.,  etc  ,  for  young  Marine  En- 
gineers, Students,  and  others.  Revised  by  Cnief-Engineer 
T.  W.  King,  U.  S.  Na\'y.  Nineteenth  edition,  enlarged. 
8vo,  cloth 2  00 

KIRKWOOD  (JAS.  P.)  Report  on  the  Filtration  of  River 
Waters  for  the  supply  of  Cities,  as  practised  in  Europe, 
made  to  the  Board  of  Water  Commissioners  of  the  City  of 
St.  Louis.  Illustrated  by  30  double-plate  engravings.  4to, 
cloth 1500 

LARRAHEE  (C.  S.)  Cipher  and  Secret  Letter  and  Telegra- 
phic Code,  with  Hogg's  Improvements.  The  most  perfect 
secret  code  ever  invented  or  discovered.  Impossible  to  read 
without  the  key.     i8mo,  cloth I  00 

LOCK  (C.  G.),  WICNER  (G  W.),  and  HARLAND  (R.  H.) 
Sugar  Growing  and  Refining.  Treatise  on  the  Culture  of 
Sugar- Yielding  Plants,  and  the  Manufacture  and  Refining  of 
Cane,  Beet,  anH  oth-r  sugars.    8vo,  cloth,  illustrated 12  00 


LOCKWOOD  (THOS.  D.)  Electricity.  Magnetism,  and  Elec- 
tro- I'elegraphy.  A  Practical  Guide  for  Students,  Operators, 
and  Inspectors.    8vo,  cloth S2  no 

LORING  (A.  E.)  A  Hand-Book  on  the  Electro-Magnetic  Tele- 
graph.   Paper  boards tft 

Cloth 75 

Morocco 100 

MacCORD  (Prof.  C.  W )  A  Practical  Treatise  on  the  Slide- 
Valve  by  Eccentrics,  examining  by  methods  the  action  of 
the  Eccentric  upon  the  Slide-Valve,  and  explaining  the  prac- 
tical processes  of  layinjg  out  the  movements,  adapting  the 
valve  for  its  various  duties  in  the  steam-engine.  Second  edi- 
tion     Illustrated.     4to,  cloth 250 

McCUI-I.OCH  (Prof.  R  S.)  Elementary  Treatise  on  the  Me- 
chanical Theory  of  Heat,  and  its  application  to  Air  and 
Steam  Engines.     8vo,  cloth 3  50 

MERRILL  (Col.  WM.  E  ,  U.  S.  A.)  Iron  Truss  Bridges  for 
Railroads.  The  method  of  calculating  strains  in  Trus.ses, 
with  a  careful  comparison  of  the  most  prominent  Trusses,  in 
reference  to  economy  in  combination,  etc.,  etc.  Illustrated. 
4to,  cloth 500 

MICHAELIS  (Capt.  O.  E.,  U.  S.  A.)  The  Le  Boulenge 
Chronograph,  with  three  lithograph  folding  plates  of  illus- 
trations.   4to,  cloth 3  00 

MICHIE  (Prof.  P.  S.)  Elements  ot  Wave  Motion  relating  to 
Sound  and  Light.  Text-Book  for  the  U.S.  Military  Acade< 
my.    8vo,  cloth,  illustrated  — 5  00 

MINIFIE  (WM.)  Mechanical  Drawing.  A  Text-Book  of  Geo- 
metrical Drawing  for  the  use  of  Mechanics  and  Schools,  in 
which  the  Definitions  and  Rules  of  Geometry  are  familiarly 
explained  ;  the  Practical  Problems  are  arranged,  from  the 
most  simple  to  the  more  complex,  and  in  their  description 
technicalities  are  avoided  as  much  as  possible.  With  illus- 
trations for  Drawing  Plans,  Sections,  and  Elevations  of 
Railways  and  Machinery;  an  Introduction  to  Isometrical 
Drawing,  and  an  Essay  on  Linear  Perspective  and  Shadows. 
Illustrated  with  over  2oodiagframs  engraved  on  steel.  Ninth 
edition.    With  an  Appendix  on  the  Theory  and  Application 

of  Colors.    8vo,  cloth  4  00 

"  It  is  the  best  work  on  Drawing  that  we  have  ever  seen,  «nd  is 
especially  a  text-book  of  Geometrical  Drawing  for  the  use  of  Me- 
chanics and  Schools.  No  young  Mechanic,  such  as  a  Machinist, 
Engineer,  Cabinet-maker,  Nlillwnght,  or  Carpenter,  should  be  with- 
out it."— Scientific  American. 

Geometrical  Drawing.  Abrideed  from  the  octavo  edi- 
tion, for  the  use  of  schools.  Illustrated  with  forty-eight 
steel  plates.    Fifth  edition.     i2mo,  cloth 200 
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MODERN  METEOROLOGY.  A  Series  of  Six  Lectures.de- 
livered  under  the  auspices  of  the  Meteorological  Society 
101878.    Illustrated.    i2mo,  cloth $150 

MORRIS  (E.)  Easy  Rules  for  the  Measurement  of  Earth- 
works, by  Means  of  the  Prismoidal  Formula.  78  illustra- 
tions.   8vo,  cloth I  50 

MOTT  (H.  A  ,  Jr.)  A  Practical  Treatise  on  Chemistry  (Quali- 
tative  and  Quantitative  Analysis),  Stoichiometry,  Blow-pipe 
Analysis,  Mineralogy,  Assaying,  Pharmaceutical  Prepara- 
tions, Human  Secretions,  Specific  Gravities,  Weights  and 
^^easures,  etc.,  etc.,  etc.  New  edition,  1883.  650  pages. 
8vo,cloth 400 

NAQUET(A.)  legal  Chemistry.  A  Guide  to  the  Detection  of 
Poisons,  Falsification  of  Writings,  Adulteration  of  Alimen- 
tary and  Pharmaceutical  Substances,  Analysis  of  Ashes, 
and  examination  of  llair.  Coins,  Arms,  and  Stains,  as  ap- 
plied to  Chemical  Jurisprudence,  for  the  use  of  Chemists, 
Physicians,  Lawyers,  Pharmacists,  and  Experts.  Translat- 
ed, with  additions,  including  a  list  of  books  and  Memoirs  on 
Toxicology,  etc.,  from  the  French.  By  J.  P.  Battershall, 
Ph.D.,  with  a  prelace  by  C.  F.  Chandler,  Ph.D.,  M.D., 
LL.D.    i2mo,  cloth 200 

NOBLE  (W.H.)    Useful  Tables.    Pocket  form,  cloth 50 

NUGENT  (E.)  Treatise  on  Optics ;  or,  Light  and  Sight,  theo- 
retically and  practically  treated,  with  the  application  to 
Fine  Art  nd  Industrial  Pursuits.  With  103  illustrations. 
l2mo,  cloth I  ^ 

PEIRCE(B.)    System  of  Analytic  Mechanics.    4to,  cloth 1000 

■PX^NE  .  \BLE  fTHE).  Its  Uses  in  Topographical  Survey- 
ing. From  the  Papers  of  the  U.S.  Coast  Survey.  Illustrat- 
ed, .cloth 200 

•*Thi8  work  gives  a  description  of  the  Plane  Table  employed  at 

the  U.  S.  Coast  Survey  office,  and  the  manner  of  using  it.'' 

PLATTNER.  Manual  of  Qualitative  and  Quantitative  An* 
alysis  with  the  Blow-Pipe.  From  the  last  German  edition, 
revised  and  enlarged.  By  Prof.  Th.  Richter,  of  the  Royal 
Saxon  Mining  Academy.  Translated  by  Prof  H.  B.  Corn- 
wall, assisted  by  John  H.Caswell.  Illustrated  with 87  wood- 
cuts and  one  iithocraphic  plate.  Fourth  edition,  revised, 
560  pages,    8vo,  cloth $  00 

VLYMPTON  fProf.  GEO.  W.)  The  Blow-Pipe.  A  Guide  to  its 
use  in  the  Detf-rmination  of  Salts  and  Minerals.  Compiled 
from  various  sources.    i2mo,  cloth I  50 

———The  Aneroid   Barometer:    Its  Construction   and  Use. 

Compiled  from  several  sources.    i6mo,  boards,  illustrated,      50 
Morocco , I  00 
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PLYMPTON  (Prof.  GEO.  W.)  The  Star-Finder,  or  Plani- 
sphere, with  Movable  Horizon  Printed  in  colors  on  fine 
card-board,  and  in  accordance  with  Proctor's  Star  Atlas. .  .$I  00 

POCKET  LOGARITH.MS,  to  ^our  Places  of  Decimals,  includ- 
ing Logarithms  of  Numbers,  and  Logarithmic  Sines  and 
Tangents  to  Single  Minutes.    To  which  is  added  a  Table  of 
Natural  Sines,  Tangents,  and  Co-Tangents.      i6mo,  boards,      50 
Morocco . I  00 

POOK  (S.  M.)  Method  of  Comparing  the  Lines  and  Draught- 
ing Vessels  propelled  by  Sail  or  Steam  Includmg  a  chap- 
ter on  Laying-ofr on  the  Mould-Loft  Floor,  i  vol.  Svo,  with 
illustrations,  cloth 5  00 

POPE  (F.  L.)  Modern  Practice  of  the  Electric  Telegraph.  A 
Hand-liook  for  Electricians  and  Operators.  Eleventh  edi- 
tion, revised  and  enlarged,  and  fully  illustrated.    8\o,  cloth.  2  00 

PRESCOTT  (Prof.  A.  B  )  Outlines  of  Proximate  Organic  An- 
alysis, for  the  Identification,  Separation,  and  Quantitative 
Determination  of  the  more  commonly  occurring  Organic 
Compounds.     i2mo,  cloth I  75 

Chemical  Examination  of  Alcoholic  Liquors.    A  Manual 

of  the  Constituents  of  the  Distilled  Sjiirits  and  Fermented       ^ 
Liquors  of  Commerce,  and  their  Qualitative  and  Quantita- 
tive Determinations.    lamo,  cloth I  50 

First  Book  in  Qualitative  Chemistry.    Second  edition. 

i2mo,  cloth I  50 

PYNCHON  (Prof.  T.  R.)  Introduction  to  Chemical  Phvsics, 
designed  for  the  use  of  Academies,  Colleges,  and  Ifigh- 
Schools.  Illustrated  with  numerous  engravings,  and  con- 
taining copious  experiments  with  directions  for  prepaning 
them.  New  edition,  revised  and  enlarged,  and  illustrated 
by  269  illustrations  on  wood.     Crown  8vo,  cloth 3  00 

RAMMELSBERG  (C.  F.)  Guide  to  a  Course  of  Quantitative 
Chemical  Analysis,  especially  of  Minerals  and  Furnace  Pro- 
ducts. Illustrated  by  Examples.  Translated  by  J.  Towler, 
M.D.    8vo,  cloth 225 

RANDALL  (P.  M.)  Quartz  Operator's  Hand-Book.  New  edi- 
tion, revised  and  enlarged,  fully  illustrated.     i2mo,  cloth. . .  2  00 

RANKINEfW.  J.  M.)  Applied  Mechanics,  comprisipg  Prin- 
ciples of  Statics,  Cinematics,  and  Dynamics,  and  Theory 
ol  Structures,  Mechanism,  and  Machines.  Crown  8vO, 
cloth.    Tenth  edition.     London 5  00 

A  Manual  of  the  Steam-Engine  and  other  Prime  Movers, 

with  numerous  tables  and  illustrations.  Crown  8vo,  cloth. 
Tenth  edition.     London,  1882. 5  00 

.  A  Selection  from  the  Miscellaneous  Scientific  Papers  of, 
with  Memoir  by  P.  G.  Tait,  and  edited  by  W.J.  Millar,  C.E. 
8vo,  cloth.    London,  1880 10  00 
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RANKINE  (\V.  J.  M.)  A  Manual  of  Machinery  and  Mill-work. 

Fourth  edition.    Crown  8 vo.     London,  1881     .   ...$500 

Civil    Engineering,    comprising    Engineering    Surveys, 

Earthwori<,  Foundations,  Masonry,  Carpentry,  Metal- 
works,  Roads,  Railway;,  Canals,  Rivers,  Water-works, 
Harbors,  etc.,  with  numerous  tables  and  illustrations. 
Fourteenth  edition,  revised  by  E.  F.  liamber,  C.E.  8vo. 
London,  1883 6  50 

Useful  Rules  and  Tables  for  Architects,  Builders,  Car- 
penters, Coachbuilders,  Engineers,  Founders,  Mechan- 
ics, Shipbuilders,  Surveyors,   Typefounders,  Wheelwrights, 

etc.    Sixth  edition.     Crown  Svo,  cloth.     London,  1883 4  co 

nnd  BAMHER  (E.  F.)     A    Mechanical   Text-Book;  or. 

Introduction  to  the  Study  of  Mechanics  and  Engineering. 
Svo,    1  th.     London,    1875 3  SO 

RICE  Prof  J.  M  )  and  JOHNSON  (Prof.  W.  W.)  On  a  New 
Method  ot  Obtaining  the  Differentials  of  Functions,  with 
especial  reference  to  the  Newtonian  Conception  of  Rates  or 
Velocities,     izmo,  paper    50 

ROGERS  (Prof.  H.  D.)  The  Geology  of  Pennsylvania.  A  Gov- 
ernment Survey,  with  a  General  View  of  the  Geology  of  the 
United  St.^tes,  Kssays  on  the  Coal  Formation  and  its  Fos- 
sils, and  a  description  of  the  Coal  Fields  of  North  America 
and  Great  Britain.  Illustrated  with  Plates  and  Engravings 
in  the  text.    3  vols.  410,  cloth,  with  Portfolio  of  Maps 30  00 

ROEB,.ING(r  A)  Long  and  Short  Span  Railway  Bridges. 
Illustrated  with  large  copperplate  engravings  cf  plans  and 
views.     Imperial  foRo,  cloth   2500 

ROSE  (JOSHUA,  M.E.)  The  Pattern-Maker's  Assistant,  em- 
bracing La  he  Work,  Branch  Work  Core  Work, Sweep  Work, 
and  Prdciical  Gear  Constructions,  the  Preparation  and  Use 
of  Tools,  together  viih  a  large  collection  of  useful  and  val- 
uable Tables.  Third  edition.  Illustrated  with  250  engrav- 
ings.   Svo,  cloth       2  50 

SABINE(ROBERr).  History  and  Progress  of  the  Electric  Tel- 
egraph, with  descriptions  of  some  of  the  npparatus.  Second 
edition,  with  additions,  i2mo,  cloth    .. .         125 

SAELTZER(.\LEX  )    Treatiseon  Acoustics  in  connection  with 

Ventilation      i2mo,  cloth I  00 

SCHU.VTAN.S  (F)  A  Manual  of  He  ting  and  Ventilation  in 
its  Practical  Application  for  the  use  of  Engineers  and  Archi- 
tects, cmhricin  ;  r\  series  ot  Tables  and  Formulae  for  dimen- 
sion,  "It  licitnifT,  flow  and  return  r>i'.  s  for  steam  and  hot- 
water  boilers,  flues,  etc,  etc.  i2rno.  Illustrated.  Full 
roan i  50 

Formnlas  and  Tables  lor  Architects  and   Engineers  in 

calculating  the  strains  and  capacity  of  structures  in  Iron 
and '•Vood      nmo,  mor^cc^,  tucks      250 
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SAWYER  (W.  E.)  Electric-Lighting  by  Incandescence,  and 
its  Application  to  Interior  Illumination.  A  Practical 
Treatise.    With  96  illustrations.    Third  edition.    8vo,  cloth,$2  50 

SCRIHNER  (J.  M.)  Engineers'  and  Mechanics'  Companion, 
comprising  United  Slates  Weights  and  Measures,  Mensura- 
tion of  Superfices  and  Solids,  Tables  of  Squares  and  Cubes, 
Square  and  Cube  Roots,  Circumference  and  Areas  of  Cir- 
cles, the  Mechanical  Powers,  Centres  of  Gravity,  Gravita- 
tion of  Bodies,  Pendulums,  Specific  Gravity  01  Bodies, 
StrenKth,  Weight,  and  Crush  of  Mnterials,  Water-Whecls, 
Hydrostatics,  llydraulics,  Stntics,  Centres  of  Percussion 
and  Gyration.  Priction  Heat,  Tables  of  the  Weight  of 
Metals,  Scantling,  etc.,  Steam  and  the  Seam-Engine. 
Nineteenth  edition,  revised,  i6mo,  full  morocco i  50 

— Engineers',  Contractors',  and  Surveyors'  Pocket  Table- 

Book.  Comprising  Logarithms  of  Numbers,  Lopariihmic 
Sines  and  Tangents,  Natur;il  Sines  and  Natural  Tangents, 
the  Traverse  1  able,  and  a  full  and  complete  set  of  Excava- 
tion and  Embankment  Tables,  together  with  numerous 
Other  valuable  tables  for  Engineers,  etc.  Eleventh  edition, 
revised,  x6mo,  full  morocco i  so 

SHELLEN  (Dr.  H.)  Dynamo-Electric  Machines.  Translated, 
with  much  new  matter  on  American  practice,  and  many  il- 
lustrations  which  now  appear  for  tne  first  time  in  print. 
8vo,  cloth,  New  York (In  press) 

SHOCK  (Chief-Eng.  W.  H)  Steam-Boilers :  their  Design, 
Construction,  and  Management.  4S0  pages  text.  Illustrated 
with  ISO  wood-cuts  and  j6  full-page  plates  (several  double). 
Quarto.    Illu-:trated.     Ilalf  morocco 1500 

SHUNK  (W.  F.)  The  Field  Engineer.  A  handy  book  of  prac- 
tice in  the  Survey,  Location,  and  Track-work  of  Railroads, 
containing  a  large  collection  of  Rules  and  Tables,  original 
and  selected,  applicable  to  both  the  Standard  and  Narrow 
Gauge,  and  prepared  with  special  reference  to  the  wants  of 
the  young  Engrinccr.  Third  edition.  i2roo,  morocco, 
tucks 250 

SHIELDS  (J.  E.)  Notes  on  Engineering  Construction.  Fm- 
bracing  Discussions  of  the  Principles  involved,  and  Descrip- 
tions of  the  Material  employed  in  Tunnelling,  Hridging, 
Canal  and  Road  Building,  etc.,  etc.     i2mo.  cloth i  50 

SHREVE  (S.  H  )  A  Treatise  on  the  Strength  of  Bridges  and 
Roofs.  Comprising  the  determination  of  Algebraic  formu- 
las for  strains  in  Horizontal,  Inclined  or  Rafter,  Tri mgular, 
Bowstring,  l.enticul.ir,  and  other  Trusses,  from  fixed  and 
moving  loads,  with  prctical  applications  and  examples,  for 
the  use  of  Students  and  Engineers.  87  wood-cut  illustra- 
tions.   Third  edition.    8vo,  cloth 350 
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SIMMS  (F.  W.)  A  Treatise  on  the  Principles  and  Practice  of 
Levelling;  showing  its  application  to  purposes  of  Railway 
Engineering  and  the  Construction  of  Roads,  etc.  Revised 
and  corrected,  with  the  addition  of  Mr.  Laws's  Practical 
Examples  tor  setting  out  Railway  Curves.  Illustrated.  8vo, 
cloth $2  so 

STILLMAN  (PAUL;  Steam-Engine  Indicator,  and  the  Im- 
proved Manometer  Steam  and  Vacuum  Gnuges— their  Utility 
and  Application.     New  edition.     i2mo,  flexible  cloth i  oo 

STONEY  (B.  D.)  The  Theory  of  Strains  in  Girders  and  similar 
structures,  with  observations  on  the  application  of  Theory 
to  Practice,  and  Tables  of  Stren;ith  and  other  properties  of 
Materi  ils.  New  and  revised  edition,  e::larged.  Royal  8vo, 
664  pages.    Complete  in  one  volume.    *8vo,  cloth 12  50 

STUART  (CHAS.  B.,  U.  S.  N.)  The  Naval  Dry  Docks  of  the 
United  States.  Illustrated  with  24  engravings  on  steel. 
Fourth  edition,  cloth 6  00 

The  Civil  and  Military  Engineers  of  Americ^.    With  9 

finely  executed  portraits  of  eminent  engineers,  and  illus- 
trated by  engravings  of  some  of  the  most  important  works 
constructed  m  America.    8vo,  cloth 5  00 

STUART  (B.)  How  to  Become  a  Successful  Engineer.  Being 
Hints  to  Youths  intending  to  adopt  the  Profession.  Sixth 
edition.    i2mo,  boards  50 

SWEET  (S.  H.)  Special  Report  on  Coal,  showing  its  Distri- 
bution.  Classification,  and  Cgst  delivered  over  different 
routes  to  v.irious  points  in  the  State  of  New  York  and  the 
principal  cities  on  the  Atlantic  Coast.  With  maps.  Svo, 
cloth 3  00 

TEXT-BOOK  (A)  ON  SURVEYING.  Projections,  and  Port- 
able  Instruments,  for  the  Use  of  the  Cadet  Midshipmen  at 
the  U.  S.  Nival  Academy-  Nine  lithographed  plates  and 
several  wood-cuts.    8vo,  cloth       2  00 

TONER  (J.  M.)  Dictionary  of  Elevations  and  Climatic  Reg- 
ister of  the  United  States.  Containing,  in  addition  to  Ele- 
vations, the  Latitude,  Mean  Annual  Temperature,  and  the 
total  Annual  Rain-fall  of  many  localities  ;  with  a  brief  in- 
troduction on  the  Orographic  and  Physical  Peculiarities  of 
North  America.    8vo,  cloth 3  75 

TUCKER  (Dr.  J  H.)  A  Manual  of  Sugar  Analysis,  includ- 
ing the  Applications  in  General  ot  Analytical  Methods  to 
the  Sugar  Industry.  With  an  Introduction  on  the  Chemis- 
try of  Cane  Suijar,  Dextrose,  Levulose,  and  Milk  bugar. 
8vo,  cloth,  illustrated 350 

TUNNER  (P.)  A  Treatise  on  Roll-Turning  for  the  Manufac- 
ture of  Iron  Translated  and  adapted  by  John  B.  Pearse, 
of  the  Pennsylvania  Steel-Works,  with  numerous  engrav- 
ings, wood-cuts,  and  folio  atlas  of  plates 10  00 
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VAN  WAGENEN  (T.  F.)    Manual  of  Hydraulic  Mining,  for 

the  use  of  ihe  Practical  Miner,    izmo,  cloth $i  oo 

WALKER  (W.  H.)  Screw  Propulsion.  Notes  on  Screw  Pro- 
pulsion :    Its  Rise  and  History.    8vo,  cloth.  75 

WANKLYN  (J.  A.)  A  Practical  Treatise  on  the  Examination 
of  Milk  and  its  Derivatives,  Cream,  Butter,  and  Cheese. 
i2mo,  cloth 100 

WATT    (ALEX.)    Electro-Metallgrgv,    Practically    Treated. 

Sixth  edition,  with  considerable  additions     i2mo,  cloth 1  00 

WEISBACH  (JULIUS).  A  Manual  of  Theoretical  Mechanics. 
Translated  from  the  fourth  auumented  and  improved  Ger- 
man edition,  with  an  introduction  to  the  Calculus,  by  Eck- 
ley  B.  Cuxe,  A.M.,  Mining  Engineer.  1,100  pages,  and  902 
wood-cut  illustrations.    8vo,  cloth 10  00 

WEYKAUCH  (J.J.)  Strength  and  Calculations  o(  Dimen- 
sions of  Iron  and  Steel  Construction,  with  reference  to 
the  Latest  Experiments.     i2mo,  cloth,  plates i  00 

WILLIAMSON  (R.  S  )  On  the  use  of  the  Barometer  on  Sur- 
veys and  Kcconnoissances.  Patt  L  Meteorology  in  its  Con- 
nection with  Hypsometry.  Part  II.  Barometric  Hypsom- 
ctry.    With  Illustrative  Tables  and  Engravings.    410.  cloth  is  00 

Prac  ical  Tables  in  Meteorology  and  Hypsometry,  in  con- 
nection with  the  use  of  the  Barometer.    4to,  cloth  2  50 
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any  address  on  receipt  of  ten  cents  in  postage 
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THE    UNIVERSITY   SERIES. 

No.  I.  ON  THE  PHYSICAL  BASIS  OF  LIFE.  By  Prof.  T.  H. 
Huxley,  LL.D.,  F.R.S.  With  an  introduction  by  a  Professor 
in  Yale  College.     i2mo,  pp.  36.     Paper  cuver 25 

No.  2.  THE  CORRELATION  OF  VITAL  AND  PHYSICAL 
FORCES.  By  P.of.  George  F.  Barker,  M.D.,  ofYale  Col- 
lege.   36  pp.     Paper  covers 25 

No.  3.  AS  REGARDS  PROTOPLASM,  in  relation  to  Prof  Hux- 
ley's "Physical  Basis  of  Life."  By  J.  Hutchinson  Stirliner, 
F.R.C.S.     72PP 25 

No.  4.  ON  THE  HYPOTHESIS  OF  EVOLUTION,  Physical 
and  Metaphysical.  By  Prof.  Edward  D.  Cope.  '  i2nio,  72  pp. 
Paper  covers 25 

No.  5.  SCIENTIFIC  ADDRESSES-i.  On  the  Methods  and 
Tendencies  of  Physical  Investigation  2.  On  Haze  and 
Dust.    3    On  the  Scientific   Use  of   the    Imagination.     By 

Prof.  John  Tyndall,  F.R.S.     i2mo,  74  pp.     Paper  covers 25 

Flex,  cloth i;o 

No.  6.  NATURAL  SELECTION  \S  APPLIED  TO  MAN.  By 
Alfred  Russell  Wallace.  This  pamphlet  treats  (i)  of  the  De- 
vebpment  of  Human  Races  under  the  Law  of  Selection; 
(2)  the  Limits  of  Natural  Selection  as  applied  to  Man.    54  pp.  25 

No.  7.  SPECTRUM  ANALYSIS.  Three  lectures  by  Profs. 
Roscoe,  Huggins,  and  Lockyer.  Finely  illustrated.  88  pp. 
Paper  covers 25 

No.  8.  THE  SUN,  A  sketch  of  the  present  state  of  scientific 
opinion  as  regards  this  body.  By  Prof  C.  A.  Young,  Ph.D., 
of  Dartmouth  Colleiie.    58  pp.     Paper  covers 25 

No.  9.  THE  EARTH  A  GREAT  MAGNET.    By  A.  M.  Mayer, 

Ph.D.  of  Stevens  Institute.     72  pp.     Paper  covers 25 

Flexible  cloth 50 

No.  10.  MYSTERIES  OF  THE  VOICE  AND  EAR.  Bv  Prof. 
O.N  Rood,  Columbia  College,  New  York.  Beautifully  il- 
lustrated.   38  pp.     Paper  covers  25 

Or  together,  2  vols.,  cloth $2  50 
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(i8mo,    green    boards.       Amply    illustrated    where    the    subject 
/  demands.) 

No.  1.  CHIMNEYS  FOR  FURNACES,  FIRE-PI.ACES,  AND 
STEAM-BOILERS.  By  R  Armstrong,  C.E.  Second  edi- 
tion, enlarged SO 

No.  2.  STEAM-BOILER  EXPLOSIOxS.     By  Zerah  Colbum..  50 

No.  3  PRACTICAL  DESIGNING  OF  RETAINING  WALLS. 
By  Arthur  Jacob,  A.  B 50 

No.  4.  PROPORTIONS  OF  PINS  USED  IN  BRIDGES.  By 
Charles  Bender  C.E 50 

No.  5.  VENTILATION  OF  BUILDINGS.    By  W.  F.  Butler. . .  v> 

No.  6  ON  THE  DESIGNING  AND  CONSTRUCTION  OF 
STORAGE  RESERVOIRS.      By  Arthur  Jacob,  A. B 50 

No  7  SURCHARGED  AND  DIFFERENT  FORMS  OF  RE- 
TAINING WALLS.     By  James  S.Tate,  C.E 50 

No  8.  A  TREATISE  ON  THE  COMPOUND  ENGINE.     By 

iohn  Turnbull,  Jr.  Second  edition,  revised  by  Prof.  S.  W. 
.obinson  50 

No.  o.  FUEL.  By  C.  William  Siemens,  D  C.L.;  to  which  is  ap- 
pended the  VAUTE  OF  ARTIFICIAL  FUEL  AS  COM- 
PARED WITH  COAL.     ByJohnWormald,  C.E      fp 

No  [o.  COMPOUND  ENGINES.  Translated  from  the  French 
of  A,  Mallet 50 

No.  II.  THEORY  OF  ARCHES.    By  Prof.  W.  Allan 50 

No.  12.  A  THEORY  OF  VOUSSOIR  ARCHES.  By  Prof.  W. 
E.  Cain 50 

No.  13  GASES  MET  WITH  IN  COAL-MINES.  By  J.  J.  At- 
kinson  ■ 93 

No.  14.  FRICTION  OF  AIR  IN  MINES.    By  J.  J.  Atkinson  .. .  50 

No.  m.  SKEW  ARCHES.  By  Prof.  E.  W.  Hyde,  C.E.  Illus- 
trated    50 

No.  16.  A  GRAPHIC  METHOD  FOR  SOLVING  CERTAIN 
ALGEBRAIC  EQUATIONS.     By  Prof.  George  L.  Vose. .     50 

No.  17.  WATER  AND  WATER  SUPPLY.  By  Prot.  W.  H. 
Corfield,  of  the  University  College,  London 50 

No.  18.  SEWERAGE  AND  SEWAGE  UTILIZATION.  By 
Prof.  W.  H. Corfield,  M.A.,  of  the  University  College,  Lon- 
don  50 

No.  10.  STRENGTH  OF  BEAMS  UNDER  TRANSVERSE 
LOADS.    By  Prof.  W.  Allan,  author  of  "  Theory  of  Arches  "  50 
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No.  20  BRIDGE  AND  TUNNEL  CENTRES.  By  John  B.  Mc- 
Master,  C.E 50 

No.  21.  SAFETY  VALVES.     By  Richard  H.  Buel,  C.E 50 

No.  22.  HIGH  MASONRY  DAMS.  By  John  B.  McMastcr, 
C.E 50 

No.  23  THE  FATIGUE  OF  METALS  UNDER  REPEATED 
STRAINS,  with  Various  Tables  of  Results  and  Experiments. 
From  the  German  of  Prof.  Ludwig  Spangenburgh,  with  a 
Preface  by  S.  H.  Shreve,  A.M 50 

No.  24.  A  PRACTICAL  TREAIISE  ON  THE  TEETH  OF 
WHEELS.    Bv  Prof.  S.  W,  Robinson SO 

No.  25  ON  THE  THEORY  AND  CALCULATION  OF  CO.N- 
TINUOUS  BRIDGES.     By  Mansfield  Merriman,  Ph.  I) 50 

No.  26.  PRACTICAL  TREATISE  ON  THE  PROPERTIES 
OF  CONTINUOUS  BRIDGES.      By  Charles  Bender.  C.E.  50 

No  27.  ON  BOILER  INCRUSTATION  AND  CORROSION^ 
ByF.  J.  Rowan 50 

No  28.  TRANSMISSION  OF  POWER  BY  WIRE  ROPES. 
ByAlbert  W.  Stahl,  U.  S.  N 50 

No.  20.  STEAM  INJECTORS.  Translated  from  the  French  of 
M.  Leon  Pochet .' 50 

No.  30.  TERRESTRIAL  MAGNETISM  AND  THE  MAG- 
NETISM OF  IRON  VESSELS.  By  Prof.  Fairman  Ro- 
gers 50 

No.  31.  THE  SANITARY  CONDITION  OF  DWELLING- 
HOUSES  IN  TOWN  AND  COUNTRY.  By  George  E. 
Waring,  Jr 50 

No  32.  CABLE-MAKING  OF  SUSPENSION  BRIDGES.  By 
W.  Hildenbrand,    C.E. .50 

No.  33  MECHANICS  OF  VENTILATION.  By  George  W. 
Rafter,   CE T.         .50 

No.  34  FOUNDATIONS  By  Prof.  Jules  Gaudard,  C.E.  Trans- 
lated from  the  French 50 

No.  35-  THE  ANEROID  BAROMETER  :  ITS   CONSTRUC- 
TION   AND    USE.      Compiled  by  George  W.    Plympton 
Second  edition 9) 

No.  36.  MATTER  AND  MOTION.  By  J.  Clerk  Maxwell,  M.A.  50 
No.  37    GEOGRAPHICAL    SURVEYING :    Its  Uses,    Meth- 

ods,  and  Results.  By  Frank  De  Yeaux  Carpenter,  C  E.  150 
No.  38.  MAXIMUM    STRESSES    IN    FRAMED     BRIDGES. 

By  Prof.  Wm.  Cain,  AM,  C.E 50 

No  39-  -^  HAND-BOOK  OF  THE  ELECTRO-MAGNETIC 
TELEGRAPH.     By  A.  E.  Loring 50 

No.  40.  TRANSMISSION  OF  POWER  BY  COMPRESSED 
AIR.     By  Robert  Zahner,  M.E 50 

No  4X.  STRENGTH  OF  MATERIALS.    By  Wm.  Kent,  C.E..  50 
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N0.42.  VOUSSOIR  ARCHES  APPLIED  TO  STONE 
BRIDGES,  TUNNELS.  CULVKKTS,  AND  DOMES.  By 
Prof.  Wm.  Cain 50 

No.  43.  WAVE  AND  VORTEX  MOTION.  By  Dr.  Thomas 
Craig,  of  Johns  Hopkins  University 50 

No.  44.  TURBINE  WHEELS.  By.  Prof.  W.  P.Trowbridge. 
Columbia  College  ?o 

No  45.  THERMODYNAMICS.  By  Prof.  H.  T.  Eddy,  Univer- 
sity  of  Cincinnati  50 

No.  46.  ICE-MAKING  MACHINES.  From  the  French  of  M. 
l.e  Doux .50 

No.  47.  LINKAGES  ;  THE  DIFFERENT  FORMS  AND 
Uses  of  ARTICULATED  LINKS.  By  J.  D.  C.  De 
Roos  £0 

Na  48.  THEORY  OF  SOLID  AND  BRACED  ARCHES.  By 
Wm.Cain,  C.E ..   ....  =0 

No.  49.  ON  THE  MOTION  OF  A  SOLID  IN  A  FLUID. 
By  Thomas  Craig,  Ph  D 50 

No.  50.  DWELLING  HOUSES:  Their  Sanitary  Construction 
and  Arrangcmerts.     By  Prof.  W.  H.  Corficld r. . .  30 

No.  51.  THE  TELESCOPE  :  Its  Construction,  etc.  By  Ihos. 
Nolan 50 

No.  52  IMAGINARY  QUANTITIES  Translated  from  the 
French  of  .M.  Argano.     P.y  Prof.  Hardy 50 

No.  S3.  INDUCTION   COILS:    How  Made  and  How  Used fio 

No.  54-  KINEM.\TICS  OF  MACHINERY.  By  Prof.  Kennedy. 
With  an  introduction  by  Prof.  R.  H.  Thurston 50 

No.  55.  SEWER  GASES  :  Their  Nature  and  Origin.  By  A.  De 
Varona 50 

No. -je.  THE  ACTUAL  LATERAL  PRESSURE  OF  EARTH- 
WORK.   By  lienj.  Baker,  M.  Inst.  C.E 50 

No.  «17.  INCANDESCENT  ELECTRIC  LIGHTSVVITH  PAR- 
TlcUI.AR  REFERENCE  TO  THE  EDISON  LAMPS  AT 
THE  PARIS  EXHIBITION.  Hy  Comte  Th.  Du  Moncel, 
Wm.  Henry  Freece,  J.  W.  Howell,  and  others.  Second  edi- 
tion   50 


Fail 


irley,  M.E.,  F.S.S 5© 

No.  5Q.  RAILROAD  ECONOMICS  ;  or.  Notes,  with  Com- 
ments.    HyS.W.  Robinson,  C.E 5° 

No.  60.  STRENGTH  OF  WROUGHT-IRON  BRIDGE  MEM- 
BERS.     By  S.  W.  Robinson,  C  E 5© 

No.  61.  POTABLE  WATER  AND  THE  DIFFERENT 
METHODS  OF  DETECTING  IMPURITIES  By  Chas. 
W.  Folkard 50 
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No.  62.  THE  THEORY  OF  THE  GAS  ENGINE.  ByDugald 
Clerk 50 

No  63.  HOU-iE  DRAINAGE  AND  SANITARY  PLUMB- 
l.,G.     l,y  W.  P.  Gerhard 50 

No.  64.  ELECTRO-MAGNETS.    By  Th.  Du  Moncel so 

No.  65  POCKET  LOGARITHMS  TO  FOUR  PLACES  DE- 
CIMALS   • 50 

No.  66.  DYNAMO-ELECTRIC  MACHINERY.  By  S.  P. 
Thompson.    With  notes  by  F.  L.  Pope  50 

No.  67.  HYDRAULIC  TABLES,  B.\SED  ON  '■  KUTTER'S 
FORMULA."     ByP.J.Flynn 50 

No.  68.  STEAM-HEATING.    By  Robert  Briggs 50 

No.  69.  CHEMICAL  PROBLEMS.  By  Prof.  J.C.  Foye.  Sec- 
ond edition,  revised  and  enlarged  %  So 

No.  70.  EXPLOSIVES  AND  EXPLOSIVE  COMPOUNDS. 
LyM.  Berthoiet SO 

No.  71.  DYNAMIC  ELKCTRICITY.  By  John  llopkinson,  J. 
A.  Schoolbred,  and  R.  E.  Day 50 

No.  7-.  TOrOGRABHICAL  SURVEYING.  By  Geo.  T.  Specht, 
Prof.  A.  S.  Hardy,  John  B.  McMasUr,  and  H.  F.  Walling. ...  50 

No.  7^  SY.MBOLJC  ALGEBRA  ;  or,  The  Algebra  of  Algtbraic 
N  umbers.     By  Prof.  W.  Cain 50 

No.  74.  TESTING- .MACHINES,  Their  History,  Construction, 
and  Use.     By  Arthur  V.  Abbott 50 

No.  75.  RECENT  PROGRESS  IN  DYNAMO-ELECTRIC  MA- 
CHINES. Being  a  Supplement  to  Dynamo-Electric  Ma- 
chinery.    By  Prof.  Sy Ivanus  1'.  Thompson 50 

i^o.  76.  MODERN  REPRODUCTIVE  GRAPHIC  PRO- 
CESSES.   By  Lt.  Jas.  S.  Pettit,  U.S.A 5« 

No.  77.  STADIA  SURVEYIN(;.  The  Theory  of  Stadia  Measure- 
ments.    By  Arthur  Winslow  . , 50 

No.  78.  THE  STEAM-ENGINE  INDICATOR,  and  Its  Use. 
ByW,  B.  Le  Van 50 

No.  70.  THE  FIGURE  OF  THE  EARTH.  By  Frank  C. 
Roberts,  C.E 50 

No.  80.  HEALTHY  FOUNDATIONS  FOR  HOUSES.  By 
Glenn  Brown 50 

No.  81.  WATER  METERS:  Comparative  Tests  of  Accuracy, 
Delivery,  etc.  Distinctivcfeatures  of  the  Wortkington,  Ken- 
nedy, Siemens,  and  Hesse  Meters.     By  Ross  E.  Browne     .   .  50 

JSo.  82.  THE  PRESERVATION  OF  TIMBER  by  the  use  of 
Antiseptics.     By  Samuel  Bagster  Boulton,  C.E So 

No.  83,  MECHANICAL  INTEGRATORS.    By  Prof  Henry  S.  H. 
Shaw,  C.E 50 
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No.  44. -TURBINE  WHEELS.    By  Prof.  W.  P.  Trowbri 
No.  45. -THERMODYNAMICS.     By  Prof   H.  T.  Eddy. 
No.  46.-ICE-MAKING    MACHINES.    From  the  F^enc 

M.  Le  Doux. 
No.  47.— LINKAGES  ;  the  Different  Forms  and  Uses  of 

ticulated  Links.    By  J.  D.  C.  De  Roos. 
No.  48.— THEORY  OF  SOLID  AND  BRACED  ARCHES. 

Wm.  Cain,  C.  E. 
No.  49.— ON  THE  MOTION  OF  A  SOLID  IN  A  FLUID. 

Thomas  Craijf,  Ph.  D. 
No.  50.— DWELLING  HOUSES-  their  Sanitary  Construf 

and  Arrangements.    By  Prof.  Wm.  H.  Corfleh 
No.  51.— THE    TELESCOPE:    Its    Construction.     &o. 

Thomas  Nolan. 
No.  .52.— IMAGINARY  QUANTITIES.    Translated  froir 

French  of  M.  Argand.    By  Prof.  Hardy. 
No.  .53.— INDUCTION  COILS  :  How  Made  and  How  t 

3d  Edition. 
No.  &4.-KINEMATICS  OF  MACHINERY.     By  Prof. 

nedy.    With  an  introduction  by  Prof.  Thurst* 
No.  .55.— SEWER  GASES.     By  A.  De  Varona. 
No   56-THEACI^UAL  LATERAL  PRESSURE  OF  EA) 

WORK.     By  Ben j.  Baker,  M.  Inst.  C.  E. 
No   57.-INCANDESCENT  ELECTRIC  LIGHTS,    Bv  Co 

Th.  Du  Moncel  and  Wm.  Henry  Preece,  2d  Ed 
No.  58. -THE  VENTILATION  OF  COAL  MINES.     B: 
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HnTCETsON  STIRLING,  F.R.C.S.  pp.  72.   Price 25 cen^ 

IV.— ON  THE  HYPOTHESIS  OF  EVOLUTIOJ 
Fliyncal  and    Metaphysical.    By  Prof    Edward 


13mo,  pp.   3^ 
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uralF     ectioa  as  applied  to  man.    54  pp.    Price  25  ceni 
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